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\]_^`&ab*cedgfh`6i_jlknmofqpsr
am4putvmofq`&flwxkymxfhpur
z aw|{vw|mx^[`}aWw~ps`}tjqagaWw
opyamknmx]_
4kut_t>puxm z aoa[~]a~]_ar>!bIuybce4t_ofqj2uuscbI6tMkyuaWw
[Nyu/  pujhjqpn¡fhr_&mx]at_fhpur_a[aofqr_¢tkyt>awpy£   pui_or_fh¤u¥M¦!kuwxx{s¥M¦2a§>pui~]_psivV¥¦¨fhpurMw©kyr z \2psi_ªf«¬wxaa
­q® W¯°kyr z ­h® n¯²±¥4kyrZfq`&t>puxmokyrIm¡puo³Q~psr~a[xrfqr_mo]_a´kyt_tjqfl~kymxfhpurw&pu£°mo]_a´kujqjhfhkNµgfhrZ~[kyjl~i_jhiw&fhr¶rgiv·
`}a[xfl~kuj`}amx]_p z w°£¸ps`/kymx]_a[`&kymxfl~kuj!Mrkyr~a*]Mkuw¹~ps`}a&kn£²moaWº*»°r_a}fhw~pur~aor_a z ¡fqmx]¼m¡p¢t_opu§_jha`/w[½
~pu`&t_i_moknmofqpsr*pu£>kjlkyoua¾rgi_`*§Ma[Epy£X~pur z f¿mofqpsrkyjvavtMaW~Àmokymxfhpurwpsr*psr_a]kyr z kyr z ~pu`&t_ivmknmxfhpur*py£VÁxa[a³vw
«¬wxarwxf¿mofqµgfqmxfha[w±°pur´mo]_a&pymo]_a¹]kur z º61wxfqsr_f¿>~kyrImmxaWwm¹py£mx]_a}tMpn¡a¹pu£mx]_flwkytt_xpIku~]Âflw¹ufhµua[r´§g{Âf¿mw
kyt_t_jhfl~knmofqpsr¢mop&t_xfl~fhr_/kyr z ]a z sfqr_/©`}a[xfl~kur
pstvmxfhpurMwº
»°i_2tkutMa[!sfqµsa[w!kujhpu§kujskur z wxfq`&t_jhf¿Ma z t_oa[wxarImknmxfhpurpu£vmx]_flw2mxputfh~¾fqr~jqi z fqr4mx]a¾oa z i~mxfhpurpu£_µnkyofhkur~a
mxa[~]r_fhÃIi_aWw/§ksw|a z psrÄjqpv~kujqfhª[kymxfhpurÄkyr z ~purImxopujµnkyofhku§_jha[w[ºÅw|t>a[~fhkuj4fhrsmoaoa[w|mfhwufhµuarZmopÆt_oks~Àmofh~[kyj
fq`&t_jha`&arImknmxfhpur2¥rIi`6§>a¢pu£rIi`}a[xfl~kujmxaWwmw¢kuxaÂt_oa[wxarImoa z kyr z mo]_afhtMa[|£¸psx`/kyrM~a[w/kuxa´~[kyoa£¸i_jhjh{
z fhwo~iMwxwxa z º
ÇÂÈsÉXÊoË6Ì NÍs 4`&aofh~[kyrÎputvmofqpsrw[¥¹kyjhjqflkNµgfqr~kujh~i_jqiMw¥Ï»°r z fqmxfhpurkujavt>a[~Àmknmofqpsrw¥dga[rwxf¿mofqµgfqmxfha[w[¥
ÂpurImxa6Ïkuxjhp¥_a z i~mxfhpurpy£µNkuxflkyrM~au¥v¦2pg~[kyjhfqªWknmofqpsr
Ð¨ÑÓÒÔNÕxÖ2×ÙØÚNÛÀÜØ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	   Kjlk¹w|if¿moa z a[wt_oa`&fhawkyxmxfl~jha[w z a   psi_or_fq¤s¥u¦2ksw|o{u¥y¦2a§>pui~]puivV¥y¦¨fhpurMwam¾\!pui_ª[f¨«¸µupsfq ­h® W¯
am ­q® N¯²±¥ui_r*mxkNµnkyfhjv~purMw|f z ¤ky§jqaw|iEjqaWwEkyt_t_jhfl~knmofqpsrw z i&~kyjl~ij z a´kyjhjqflkNµgfqr*tMpsi_Ejha[w`&¤mo]_p z a[wrgi_`&¤·
oflÃsia[wa[rrMkyr~a°k¤mx¤ z ¤µsajhput_t>¤uº°aivtxps§_jq^[`&a[w¾wxa©t>pswxarImartMkyxmxfl~i_jhfqa[°½jha°~[kyjl~i_j z a[wxtM¤[okur~aWw
~pur z f¿mofqpsr_r_ajhjha[w z i_r_a/tku|mW¥VjqaWww|a[rw|fqmxfhµgf¿mo¤[w¹am¹jha/~kujh~i_j z a&jhk~psi_µua[|moi_oa z a&j  kuivmxoauº4rmxaWwmwxfqsr_fq·
>~knmof¿£ z ajhkt_i_flwxwokyrM~a z a~amxmxakyt_t_opv~]_a/a[w|m z pur_r_¤¢tky*j  kyt_tjqfl~kymxfhpur kyiK~kyjl~ij z atxfq z pstvmxfhpurMw
ku`&¤ofh~[kyfhr_a[w[º
©pymoxa&tkut_fqa[ z purr_a/i_r_a/t_o¤[wxarImknmxfhpurujhpu§Mkyjha*am*w|fh`&t_jhf¿¤[au¥kNµua[~}j  i_mxfhjqflwxkymxfhpur z a&mxaW~]_r_flÃIi_a[w z a/x¤·
z i~Àmofqpsr z ajhk¼µnkyofhkur~as¥E§kuwx¤aw|i*jlkjhpv~kujqflwxkymxfhpur am}j  iwxkuua z a
µnkuxflky§_jha[w z a:~psrsmosjqasº4rQfhrImx¤[m
tMkyxmxfl~i_jhfqa[¹a[w|m z pur_r¤j  fh`&t_jh¤`&arImokymxfhpurÆ~psr~o^moat_jhiwxfqa[i_owmoa[w|mowrgi_`&¤[xflÃIi_a[wpurIm¤mo¤/x¤Wkyjhfhwx¤[wam
z fhwo~ivmo¤[w[º
-Ì W Ê   : »°tvmxfhpurw©ky`&¤ofh~[kyfhr_a[w[¥>Ïkujh~i_j z a*´kyjhjqflkNµgfqr2¥¾wxtM¤[okur~aWw4~psr z fqmxfhpur_rajhjqaWw¥XdgarwxfqmxfhµIfqmx¤Ww¥
´purImxa6Ïkyojhp¥v¤ z i~Àmofqpsr z aµNkuxflkyrM~au¥v¦2pg~[kyjhfhwoknmofqpsr
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\]_amo]_apsx{:py£¾kyo³upnµ¢¾xpv~aWwxwxa[w°kyr z mo]_a/dImxpv~]kswmofh~&Ïkyjl~i_jhiw4]MkNµuat_opnµgf z a z ktxps§ky§_fhjhfhw|mxfl~fhrsmoax·
t_xamokymxfhpur
£¸pumx]_awxpujhivmofqpsrwpy£!jhfhr_a[kutMkyxmxflkyj z f/B>a[xa[rImxflkyjXa[ÃIikymxfhpurw¹«¬wx]_ps|mojq{s¥vjqfhr_a[ku    w±§g{`&a[kurw
py£Vmx]a   a{gr_`/kyrv·+Cku~£¸psx`*i_jlk_º»°r_a©pu£Vmx]_a°`}pIwmwmoxfh³gfqr6kyt_tjqfl~kymxfhpurw¾fhw¾mx]_aa`&a[xsar~apy£Vmx]aÂpsrImxa
Ïkyojqp`&amx]p z kuw&kurZkuj¿moaorknmofqµsamxp z amxa[x`&fhr_fhw|mxfl~rgi_`&aofh~[kyjkyjhupsxfqmx]_`/w6£¸puwxpujhµgfqr_    wº¶\]_flw
`}amx]_p z fhwwxjqpn¡amx]Mkyrmo]_akyrkujq{Imofh~[kyjXpur_aWw¥g§_i_mkswmx]_a z fh`}a[rwxfqpsr
fhr~oa[ksw|aWw°«¬`&puoa4mx]Mkyr
3
±À¥vfqmfhw¡ajhj
³Irpn¡rmx]Mknmmx]_akurkyjh{Imxfl~kyj>`&amo]_p z w z p}r_p*`&psxa¡psx³/kur z wxp6mo]_aÂpurImoaÏkuxjhp*`&amx]_p z xa[`&kufqrMwmo]_a
pur_jh{¢kyjqmxa[xrMknmxfhµuasº
Di_m4pur_a]kswmxp/r_pumxfl~a¹mo]knm4§>pymo]
mo]_a   a[{gr_`/kyrv·+Cku~°£¸puo`6ijhk&kyr z mo]_aÂpurImoa*Ïkyojqp}`&amx]p z kuxawxtMa·
~fqM~mop¢jhfqr_aWky°t_xps§_jha`/w©kur z ~psjqjlkytwxa¡]_a[r z aWkyjhfqr_¢fqrÂmo]_a}r_purÂjhfqra[ky~ksw|asº6EôrÂmx]a6jlkuw|m z aW~kN{`6i~]
¡psx³:]ksw°§>aa[r z pur_a}fqrpu z a[©mop
aImoar z mx]_a&t_opu§Mky§_fhjqflw|mxfl~6`&amo]_p z wfqrõk
r_pur¼jqfhr_a[ku£¸oku`}asº}»°rpsr_a
]kyr z ¥fhrQk´wxam}py£4tkutMa[owku z puivÆkyr z a[r_K«Aw|a[a ­ uN¯Ó¥ ­  ® ¯²±fqrImoxp z i~a z mo]_aFDku~³g¡ky z dgmxpv~]kuw|mxfl~
©f/B>a[xa[rImxflkyj¾ÃIikymxfhpurw&«Dd    wfhrwx]_puxm±¥¨¡]_fl~]sar_a[okujqfhªa6mx]_a/t_opu§Mky§_fhjqflw|mxfl~oat_oa[wxarImokymxfhpur´sfqµsar
§I{mx]_a   a[{gr_`/kyrv·+Cku~©£¸puo`6i_jlk6mxp&r_purjhfqr_aWkyt_opu§_jha`/w[ºGEôr ­h® bn¯¾«Aw|a[akyjlw|p ­q® ¯²±¾mo]_fhwoatxaWw|a[rsmknmofqpsr¢¡kuw
pu§vmkyfhr_a z £¸pu¾pu§w|moks~jhat_xps§_jha`/wEkuwE¡ajhj2«¬§I{}`&a[kurwpy£VoaHaW~Àmxa z Dd    w±ÀºE4t_tjqfl~kymxfhpurwmxp`/knmo]_a`/knmx·
fh~[kyjrkur~a/]MkNµua&§Ma[ar z flwx~iwow|a z fhr ­q®3I ¯<ºdgpmx]_a&mo]_apsxamxfl~kyjE§Mku~³guopui_r z ]ksw¹§Ma[arõt_oatkuxa z º/\]_a
w|aW~pur z w|mxa[tflw¹mopÂpu§vmkyfhr¼aJ/~fqa[rImt_xps§ky§fqjhfhw|mxfl~&kyjhupsxfqmx]_`/w°£¸pu*w|psjqµgfhr_wxi~]õt_opu§_jha`/w[ºa[~[kyjhjmx]kym
pur_awxtMaW~fqM~t>pufhrIm4fqr:mo]_a6Âpsrsmoa*Ïkyojqp&`&amo]_p z fhwmx]kym©f¿m z pga[wr_pum©a`&t_jhpn{sxf z w[ºÂpsxa¹t_oa[~fhwxajh{u¥_fhr
pu z amxp~pu`&t_ivmoamx]_awxpujhivmxfhpur
u(0, x0)
py£mx]_ajhfqra[ky  
(∂t + L)u(t, x) = 0, (t, x) ∈ [0, T ]× Rd
u(T, x) = f(x),
pur_axa[t_oa[wxarImow
u(0, x0)
kuw&kyrQavtMaW~ÀmknmxfhpurZkyr z a`&t_jhpn{uaWw6kwxku`}tjqa
py£4mo]_a:i_r z a[xjh{gfqr_ z f/B>iwxfhpurQfhr
pu z a¾mxp*~pu`&t_ivmoa4mo]_fhwavt>a[~moknmofqpsr¨º¾»°r&mx]_a¹~psrImxkyo{u¥ukur¢kyrkujq{Imofh~[kyj`&amx]_p z ~purw|mxoi~Àmwkmxfh`}a·Ówxtks~a
uof z kyr z a[`&t_jqpn{vwk z {IrMky`&fh~[kyj_txpsuky`&fqrkujqspuof¿mo]_`fhr/pu z amop~pu`&t_i_mxamo]_a©wxpujhivmxfhpur¨º\]_flwE`&a[kurw
mx]kym&fhrQps z a*mxpõ~pu`&t_i_mxamx]_a:wxpujhivmxfhpurKfqrZpur_at>pufhrsm
(0, x0)
¥¾mx]_aÂkurkyjh{Imxfl~kyj`&amo]_p z flw}pu§_jhfqsa z mxp
~pu`&t_i_mxa6fqm¹purk¢¡]_pujhauof z
(tk, x
i
k)
¡]_fhjqa6mx]_a&Âpsrsmoa}Ïkyojhp`&amx]p z t_opnµIf z aWw z fhxaW~Àmojq{mx]a*wxpujhivmxfhpur
fqr
(0, x0).
\]_fhw4fhwk&§_fh/k z µnkursmkysa°§>a[~[kyiwxa¹fqr:jlkyoua z fq`&a[rw|fhpuruof z w§MaW~ps`}a z f/J~i_jqm4mop}]Mkyr z jhauº
\]_fqr³¢r_pn¡Åmx]kym4fqrw|mxaWk z py£!mx]_aku§Mpnµsajhfhr_a[kutxps§_jqa[`:¥vpur_a]kswmxp/wxpujhµua¹k&  ¶pu£2mo]_a¹m{gtMa
(∂t + L)u(t, x) + f(t, x, u(t, x)) = 0.
µua[rZfq£kt_opu§Mky§_fhjqflw|mxfl~
oatxaWw|a[rsmknmofqpsr py£
u
fhwkNµnkufqjlky§_jhaõ«¬kyr z mo]_fhwfhw}mo]_a´~ksw|aN±À¥¾psr_a:fhw&ps§_jhfqsa z mxp
~pu`&t_i_mxa
mx]_a:w|psjqi_mxfhpurQpsrQk¼¡]_pujha¢sxf z £¸pu}mo]_awxfh`}tjqaxaWkuwxpurõmo]knm&pur_a]kswmop¼³gr_pn¡1mo]_a
µnkujqi_apy£
u(t, x)
¡]_fl~]
~pu`&a[wpur
fqr
f(t, x, u(t, x)).
\]_aoa£¸psxas¥umo]_a z {grky`&fl~kuj>txpsuky`&fqr6kyjhupsxfqmx]_`1§>a[~pu`&a[w
a[wow|a[rsmofhkujAºmmo]_flw4wmkysau¥k}t_opu§ku§_fhjqflwmofh~¹kut_t_opsku~]
fhw4fqrmx]awxku`}a¹t>pswxf¿mofqpsrÂkuwkyrÂkurkyjh{Imxfl~kyjVpsr_au½Epsr_a
]kuw¹mop´~psrwmoxiM~Àmk:uof z ¥Vmx]_a[rõmxp´wxpujhµua/knmaWku~]mxfh`&awmoatÆk:jqfhr_aWkyt_opu§_jha` kyr z rMkyjhjq{Âmop´k z_z mo]_a
fqr_tivm
f(t, x, u(t, x)).
Qmoao`&fqr_psjqpsu{ z f/B>a[xa[r~a]_pn¡aµsaW½Xmx]_at_opu§Mky§_fhjqflw|m!¡pui_j z wokN{mx]kymE]_a~pu`&t_i_mxa[w
k}~pur z f¿mofqpsrkyjVagt>a[~mokymxfhpurfqrw|mxaWk z py£wxkN{gfhr_6mo]knm4]a¹wxpujhµuaWwk*jhfhr_a[ku  4º"Divmmx]_atxps§_jqa[`$xa[`/kyfhrw
mx]_awoky`&au½E~pu`&t_ivmofqr_k}jlkyouargi_`6§>apu£~pur z fqmxfhpurMkyjVavt>a[~moknmofqpsrw[¥_kyr z mx]_flwflwr_pymmoxfhµgfhkujAº
\]_aÃIi_aWwmofqpsr@flw¢r_pn¡fq£*kQt_xps§ky§fqjhfhw|mxfl~´t>pufhrImpu£µgfqa[¡t_xpnµgf z a[w
kQra¡ kytt_xpIku~]Ämop mx]fhw³gfqr z py£
t_xps§_jha`/wºE©r z mx]_akyrMw|¡aflwkJ/x`/kymxfhµuauº\]_aWw|a¹jlkuw|m{sa[kuow[¥saWwxwxarImofhkujqjh{/`&pymxfhµnknmoa z §I{¢`&kymx]_a[`/knmxfl~kuj
rkyrM~a:t_opu§_jha`/w*·6kyr z mx]_aÂ`&pIwmw|mxofq³gfhr_¼psr_afhw&t_ofl~fhr_©`&aofh~[kyrZputvmofqpsrw}fqrZjhkuxsa z fq`&arMw|fhpurK·
w|a[µuakyjVra¡Îf z aWkuwkut_tMaWkyoa z fhr
mo]_flwa[j z ºpuiu]_jh{
wxtMaWky³gfhr_}mx]_a[{¢`/kN{¢§>a z fhµIf z a z fqr:mo]_xa[a¹£¬ky`&fhjqfha[w[º
Eôr&mx]_aw|mpur_as¥skmxoaaflwE§_ifqjqm¾i_t/fhr&pu z amoppu§vmkyfhr/k z fhwo~oamofqªWknmxfhpur&pu£Mmo]_a4i_r z aojq{gfhr_ z fKBXiwxfqpsr/pur/k
uof z º\]_flw2£¬ku`&fqjh{fhr~jhi z aWwLDopsk z fqakyr z Ájhkswxwxao`/kyr6kujqspuof¿mo]_`$«¬wxaa ­q® N¯¸±À¥nmo]_aÃIikurImxfhª[knmofqpsr*kujqspuof¿mo]_`
«¬wxaa ­ W¯Ó¥ ­ N¯¸±4ksw4¡ajhjkswÏ]_a[µnkyr~a  w©kyjhupsxfqmx]` «¬wxaa ­q®s® ¯¸±Àº°\]a6w|aW~psr z f z a[kflwmop¢iwxaoasxaWwxwxfqpsr:pur´k
mxoi_r~kymxa z §Mkuwxfhwpu£
L2
fhrÂpu z a[mop~ps`}tivmxa¹mo]_a~psr z fqmxfhpurkujVavtMaW~ÀmknmxfhpurMwº\]_flwflw z psr_a¹fqrÂ¦¨psr_sw|mokB
é2é ÔM=N<AN
b  .	.K( ,-?.	.8	"L!#!+
kur z dv~]g¡ku|moª ­h® n¯kyr z fhrÆ\!wxfhwxfh³Ijhflwkyr z kyrÆpn{ ­ sW¯<º   fhrkujqjh{fhr ­q® W¯<¥ ­q® N¯Ó¥   pui_or_fh¤ ! .	
pu§_mokyfhr
kxa[t_oa[wxarImokymxfhpurõpy£4mo]_a
~pur z f¿mofqpsrkyjavt>a[~Àmknmofqpsr iwxfqr_´kyjhjhfhkNµgfhr  w*~kujh~i_jqiMw*kur z mx]arQa[`&t_jqpn{mo]_fhw
oatxaWw|a[rsmknmofqpsr¢fhr
ps z a[mxp&t>ax£¸puo`7k&ÂpurImxa6Ïkuxjhp&`}amx]_p z º\]aw|t>a[~f¿M~f¿m{¢py£mx]_flwjhkswm©kut_t_opsks~]fhw
mo]knm4fqm©kyttMaWkywkswk}t_i_oa¹´purImxa*Ïkuxjhp*`&amx]_p z:z a[wxt_fqmxa¹mo]_a¹r_pur:jhfqr_aWkyof¿m{sº
v~atvm£¸psw|psjqµgfhr_
    w¢«¬¡]_fl~]ku`}psi_rImowmoptxfl~fhr_:kyrputvmofqpsr¼fhrmx]_a}rkur~flkyj£¸ky`&aN±À¥2k:wxa[~psr z
txps§_jqa[` pu£fqrImoaoa[w|m©fhw©mxp~ps`}tivmxa6mx]_a}w|a[rw|fqmxfhµgf¿m{:pu£Emx]_a}w|psjqivmofqpsr:mxpw|ps`}a6tkyky`&amoa}«¸]_a z ufhr_¢kur z
Áoaa[³vw¥gfhr
Mrkyr~fhkujXjhkur_uikuuaN±ÀºGEÓm4w|a[a`/wmx]kym4´kyjhjqflkNµgfqr~kujh~i_jqiMwfhwkur
aWw|t>a[~fhkujqjh{t_opu`&flw|fhr_*mxpgpujX£¸ps
wxpujhµgfqrw|i~]/ktxps§_jqa[`:º EÓm¾]Mkuw§>aa[r/iwxa z §g{}¦2fqpsrwkur z afhura ­h®
 ¯>¡]_fl~]&£¸pujhjqpn¡Kmx]_a©mx]_fh z `}amx]_p z ¥
ksw¡a[jqj¨kswfqr ­ bn¯2¡]_a[xaÃIikursmofqªWknmofqpsrkujqspuof¿mo]_`$fhwa[`&t_jqpn{sa z º
\]atxaWw|a[rsmEtkutMa[ z aWkyjlw¡f¿mo]*mo]_ajlkuw|m`&amx]_p z §kuwxa z pur&´kujqjhfhkNµgfhr}~[kyjl~i_jhiw[º©j¿mo]_puiu]*mx]_flwkytt_xpIku~]
¡puo³vw£¸pu}kÂjhkuxsa~jlkuwowpy£r_psr jhfqr_aWkytxps§_jqa[`/w¥¡a£¸pg~iw*purõmx]a¢4`&aofl~kyrÆpstvmxfhpurÆtxfl~fhr_¥¡]_fl~]
ku`&pui_rImowmxp6wxpujhµua©pu§w|moks~jha4t_opu§_jha`/wE£¸ps¾    wº\]fhww|a[a`/wEmop§>akwxfhur_fqM~kurImmxaWwmpur&mx]a©aJ~fqa[r~{
pu£mo]_a`&amo]_p z kyr z wxaµsakyjEtkutMa[ow¹oajlknmoa z mxp:mo]_fhw*w|i§va[~m*kyt_t>a[kuxa z fhrõmx]a/jhkswmmofq`&asº:»°i_6kufq` fhw
mopufhµuakuarakyj¨µgfha¡pur:mo]_fhw©mxpst_fl~«¸¡fqmx]wxfh`}tjqfqa z t_xpgpu£¬wo±¥_mxp
t_oa[wxarIm©~psr~oamoaa_ky`&t_jha[w©kyr z mop
z fhwo~iwowmx]a}rgi_`&a[xfl~kujoa[wxi_jqmow[º/ wxt>a[~flkyjEfhrImxa[xaWwmflw¹ufhµuar¼mxpmo]_a&xa z i~Àmofqpsr¼pu£µnkyoflkyr~a6moa[~]_r_flÃIi_a[w
§Mkuwxa z purjqpv~kujqfhª[kymxfhpurkyr z ~psrImxopujXµnkyofhku§_jqaWwkyr z mxp}mo]_afh4fh`}tMku~ÀmfhrÂ~purM~oamxawxfq`*i_jlknmxfhpur2º
EÓm¡puxmx]¹mxp`&arImxfhpurmx]kymksw2jhpur_kuw!pur_axaWwmoxfl~Àmw2]fq`/wxajq£_mxp©mx]_a'Djhks~³d_~]_pujha[w2`}p z a[jV«¸¡]_fl~]6pu£~puiowxa
flw¹py£fqrImxa[xaWwmfhr¼`/kymx]_a[`&kymxfl~kujrkyrM~aW±4mx]a~pu`&t_i_moknmofqpsrwxa[jhkymxa z mxpÂ´kujqjhflkNµIfhr¼~[kyjl~i_jhiw¹kyoa}okymx]_a[
avt_jqfl~fqm/kyr z a[jqa[`&arImokux{sºõ\]fhw*tMa[x`&fqmow}iw*mxpufhµua
]_aoa
kurQkytt_xpIku~]Æ¡]_fl~]Qflw}w|a[j¿£°~purImokufqra z kur z
ks~~a[wow|fh§_jhamxpxaWk z a[ow©¡]_p
kuxa*r_pym£¬ky`&fhjqflky¡fqmx]´mo]_a}okymx]_a[°]_aWkNµg{`/ks~]_fqrao{
pu£´kyjhjlkNµIfhr~[kyjl~i_jhiw[º
Eôr&mo]_a©~[kuwxapu£¨k¹uarakyj z f/B>iMw|fhpur&mo]_a©woky`&axaWkuwxpur_fhr_Iw¡psx³6kswE¡ajhjA¥s§_ivm¾pu£V~pui_wxapsr_a]kswmxpa[`&t_jqpn{
mo]_aÂ´kyjhjhfhkNµgfhrK~kujh~i_jhiw&fqrÄkyjhjmx]asar_a[okujqfqm{uºZ4r z ~purwxa[ÃIi_a[rsmojq{s¥mo]_a:avt_jhfh~f¿m&£¸puo`6ijhksw*¡]fh~]Äkyoa
kNµnkufqjlky§_jha©fhr
mx]_a Dkyjl~³dv~]_pujha[w`&p z ajV§>a[~pu`&a]_a[kNµgfha¹«¸fhr
tku|mofh~i_jlkyW¥smo]_a{/fhrgµupsjqµsa4mx]afhrgµua[owxa©pu£2mx]a
kyjhjqflkNµgfqr~pnµnkyofhkur~a*`/knmxofq_±º/\]_a&t_xaWw|a[rImoknmofqpsr´mo]knm¡a*sfqµsa&]_aoa&fhw¹§ksw|a z psr¼psr_a&`}psxa&oa`/kyo³X½
mo]_a/oa[wxi_j¿mw¹pu§vmkyfhr_a z fhrmx]_a/psr_a z fq`&a[rw|fhpurMkyj~ksw|a&aImoar z aWkuwxfqjh{Q«¸iMw|fhr_´kyrajha`&a[rsmkyo{´ua[pu`&amoxfl~kuj
kuxsi_`&arIm±mxp&mo]_a`6ij¿mof z fh`&arwxfhpurkuj¨~kuwxauºE\]_flw4wxfqsr_fqM~kursmojq{wxfh`}tjqfqa[wmx]_at_opgpy£¬w[º
\]a6tkutMa[°flw©psxIkyr_fhªa z kuw©£¸pujhjqpn¡4w[º6Eôrdva[~Àmofqpsr¼/¡at_oa[wxarIm°mx]_a*t_xps§_jha`kyr z fqr¼dva[~Àmofqpsr¼/¡a6sfqµsa
mo]_a/oa[wxi_j¿mw«¸oatxaWw|a[rsmknmofqpsr´£¸puo`6ijhksw£¸pu6~pur z fqmxfhpurMkyjEavt>a[~moknmofqpsrÆkyr z £¸pu¹mo]_a¢w|mxknmoau{_±°fhr¼mo]_apsr_a
z fq`&arMw|fhpurkuj~[kuwxauº\]_flw}w|aW~Àmxfhpur kujhwxp~purImokufqrwmx]_a´kyjhjhfhkNµgfhr ~kyjl~ijqiw*kyt_txpIku~]õfqr mx]_a
ajha`&arImokux{
£¸ky`&a}¡]_fl~]¼flw°mx]_a/psi_ow[ºEôrÆdga[~mxfhpurb
¡a}t_xaWw|a[rIm°mo]_a&`6i_jqmxf z fh`}a[rwxfqpsrkyj~[kuwxa}kur z fhrõdva[~Àmofqpsr I ¡a
z fhwo~iwow¹put_mxfh`&kujjhpg~[kyjhfqªWknmofqpsr¨ºEôrÆdva[~ÀmofqpsrÆ
¡a/ufhµua*mx]a¢kyjhupsxfqmx]_`§Mkuwxa z purmx]_flwkut_t_opsku~]kyr z ¡a
z fhwo~iwmo]_argi_`&aofh~[kyjXmoa[w|mow[º
  "!* !¹ !6 K ! 
#:.4
©r¢4`&a[xfl~kurputvmofqpsr¡fqmx]¢`/kymxi_of¿m{
T
¥Ifhwkyr¢putvmofqpsr¡]_pswxa4]_psj z a~kyr/ava~flw|a4]fhwofqs]smpy£¨put_mxfhpurfhr
kurg{¢mofq`&a6itÂmxp
T
º©¦¨am
Xs
z a[r_pymoamx]a*i_r z aojq{gfhr_¢kswxwxam©txfl~atxpv~aWwxw[¥>]_aoa`&p z ajha z ksw©k z fKBXiwxfqpsr
txpv~aWwxw[½
dXt = b(Xt)dt+ σ(Xt)dWt
X0 = x
« ® ±
¡]aoa
b
kyr z
σ
z a[r_pymoak°µuaW~Àmxpskur z k°`/knmoxfqaj z psr
Rd
kur z
W
fhwk
d
· z fq`&a[rw|fhpurMkyj=Dxpn¡r_flkyr`&pumxfhpur¨º
¦2am
Φ(Xs)
z a[r_pymoa©mo]_a~[kuwx]v·#Hpn¡@kuwow|pv~fhkymxa z ¡f¿mo]¢mo]_a¹putvmofqpsr¨ºE\]_a°txfl~a¹kuwwxaarknmmxfh`&a
t
py£!wxi~]
kur
©`&aofh~[kyrputvmofqpsr
flwufhµua[r¢§g{
P (t,Xt) = sup
θ∈Tt,T
E
(
e−
R
θ
t
rsdsΦ(Xθ)
∣∣∣Ft
)
¡]aoa Tt,T wmkyr z w£¸pu¹mx]a¢w|ampy£kyjhjEmx]awmoput_t_fhr_:mofq`&a[wmoky³gfhr_:µnkyjhi_a[wpsr [t, T ] kyr z r z ar_pumxaWw¹mx]_awxt>pymokymxa¹t_opv~a[wow[¥v¡]_fh~]flw]_aoaw|it_tMpIw|a z mop&§Ma z amxa[x`&fhr_fhw|mxfl~yº
ë¸îé¨ë²Ð
 	

	
 "!#%$'&()*!+,-./0!1%23$54$	
06)7.	.89:	;<./4=.84$< > "?2 I
\]_aw|psjqi_mxfhpurpy£mx]_flwput_mxfh`&kuj2w|mxputt_fqr}txps§_jqa[` ]ksw§Ma[arÂt_opnµgf z a z §g{¢iMw|fhr_}mx]_a¹mo]_apsx{¢py£mx]_a6dgrajhj
argµua[jqpstMaWw½mx]a¹ow|mputvmofq`/kuj¨wmoput_t_fhr_}mxfh`&afhw4ufhµuar§g{
θ∗t = inf{s ∈ [t, T ] ; P (s,Xs) = Φ(Xs)}.
ÂpuoapnµsaW¥ymx]a°£¸ir~Àmofqpsr
P (t, x)
¥_ufhµgfqrmx]at_xfl~apy£!mx]_a¹pstvmxfhpur¨¥v~[kyr§Ma~]kuoks~Àmxa[xfhªa z kuw£¸psjqjhpn¡4wº a
z ara¹mx]_a$!+<  	
F? 
¥Mkyjlw|p&~kujqjha z ? $ ? 
¥>kuw
Es = {(t, x) ∈ [0, T ]× R+ : P (t, x) = Φ(x)}
kyr z mx]a!#	4!# ? 
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Ec = {(t, x) ∈ [0, T ]× R+ : P (t, x) > Φ(x)}.
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P (t, x)
wxpujhµua[wmo]_a£¸pujhjhpn¡fqr_}tku|mofhkuj
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bi(x)
∂g
∂xi
(x)
§Ma[fqr_
a = σσ∗
¥vmo]_ar
∂P
∂t
(t, x) + LP (t, x) − r(t)P (t, x) = 0
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P (t, x) > Φ(x)
¥¡fqmx]
mx]a°Mrkyj¨~pur z fqmxfhpur
P (T, x) = Φ(x)
º¾Îxfhupsxpsiw¾oa[ksw|psr_fhr_moi_xrMwpuivm
mxp6§>a©`*i~]`&puoa z f/J~i_jqm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oasi_jhkuxfqm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fqr
x
±psr6pura]Mkyr z kyr z pur*mx]_apumx]_a[psr_au¥ymx]_a§>a]kNµgfhpupy£mo]_aw|psjqi_mxfhpur
P
fqr/k°r_afhu]g§>puo]_pgp z py£
mx]_a£¸oaa¹§>pui_r z kyo{ {(t, x) ; P (t, x) = Φ(x)} flwokymx]_a[ z ajhfl~knmoamxp z aWwx~xfh§Ma«¬f¿m°ufhµua[wk&wxi_t_t_jha`&a[rsmkyo{mxao` fhrmo]_a/   ±Àº\]_flw¹jqaWk z w°mxpÂk¡a[ky³:£¸psx`*i_jlknmxfhpur¼py£mx]_a/t_opu§jqa[`º}\]_a}wmpura}¡kuwsfqµsarfhr
mxao`/w¾pu£¨µnkyofhkymxfhpurkuj_fqra[ÃIikyjhfqmxfha[w§I{DarMw|psiwxwokyr/kur z ¦¨fhpurMw ­ N¯ vfqr ¾jCkuxpsi_f !5.	 ­h® bn¯Ó¥gpur_a°~kyrr z
k6£¸psx`*i_jlknmxfhpurfhrµgflwx~pswxf¿m{wxarMw|akyr z fhr ­q® ¯<¥%Dkyjhjh{ ! . ¾sfqµsak6£¸psx`*i_jlknmxfhpur
fqr´dgps§Mpsjqa[µ¢wxarwxauº
\]IiMw¥smx]_a°t_opu§_jha` py£Vmo]_a©t_ofl~fhr_py£2kur4`&aofl~kyr/pstvmxfhpur¢fhwk6w|mxopur_sjq{*r_pur_jhfhr_a[kut_opu§_jha`:¥gkyr z mo]_aoa
fhwrpurÆ]_pstMa&mop:r z ~jhpswxa z £¸psx`*i_jhkswº EôrÆpu z a¹mopÂrIi`}a[xfl~kujqjh{~pu`&t_ivmoa/mx]_a¢t_xfl~a/pu£kurÆ4`&aofh~[kyr
putvmofqpsr¨¥vpur_a~[kyriwxaa[f¿mo]_a°k z amxa[x`&fhr_flwmofh~pu4k&w|mxpv~]kswmofh~¹kyjhupsxfqmx]`º
Ïpur~aor_fqrmx]_a z amxao`&fqrfhw|mxfl~¾`&amx]_p z w[¥Nmx]_a[{~kyr6§Ma§kuwxa z purrf¿moaa[jqa[`}a[rImow`&amx]p z w¨£¸ps!µnkyoflknmxfhpurMkyj
fqr_aWÃIikyjhf¿mofqaWwºLDivm2]_a[xas¥[¡a¾kyoafqrImoaoa[w|mxa z fhrkw|mxpv~]kuw|mxfl~Ekytt_xpIku~]¨¥mx]kym2flw¨fhrk4ÂpurImoaÏkyojqp4kujqspuof¿mo]_`
£¸pu4mo]_a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(Ω,F ,P) §Mak6jqmxaoa z t_opu§ku§_fhjqfqm{/w|tks~a¡]_aoa¹k d · z fq`&arMw|fhpurkuj Dopn¡fhrkyr`&pumxfhpur W fhw z ar_a zkyr z w|am Ft = σ(Ws : s ≤ t) º*¦2am Xt z a[r_pymoa6mo]_a&i_r z a[xjh{gfqr_:kuwowxam°txfl~aWw¥V¡]_fl~]a[µupsjqµsa*ku~[~ps z fhr_mxpÂ« ® ±Àº\]_a¹t_ofh~akymmxfh`}a
t
py£kur
kswxwxpv~flknmxa z ©`}a[xfl~kur¢pstvmxfhpur¡f¿mo]
`/kymxi_of¿m{
T
kyr z tkN{spB:£¸i_r~mxfhpur
Φ : Rd+ → R
flwmx]_a[r
P (t, x) = sup
θ∈Tt,T
Et,x
(
e−r(θ−t)Φ(Xθ)
) «As±
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wxi_t_t>pswxa z mo]knm°mx]_a}w|t>pym°okymxaflw©~purw|mokursmWº EôrÂpu z a©mxprgi_`&a[xfl~kujqjh{¢a[µNkujqiMknmxa
P (0, x)
¥
mx]kymflw¨mo]_a¾txfl~akuw2wxaa[r6knm!mxfh`&a
0
¥Wfqmfhw!tMpIwxwxfh§_jqa¾mxpw|am!i_t6kDajhjq`/kyr z {grky`&fl~t_opusoku`}`&fhr_t_ofqr~fqtjqasº
Eôr z aa z ¥vjham
0 = t0 < t1 < . . . < tn = T
§>ak z fhwo~oamofqªWknmofqpsrpy£!mx]_amxfh`&afqrImoaoµNkuj
[0, T ]
¥g¡f¿mo]w|mxa[twxfqª[a
a[ÃIikyjmxp
∆t = T/n
¥gkyr z jqam
(X̄k∆t)k=0,1,...,n
kyrkytt_xpNvfh`/knmxfhpur&pu£
(Xt)t∈[0,T ]
¥umo]knmfhw
X̄k∆t ' Xk∆t
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P (k∆t, X̄k∆t)
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{
P̄k∆t(X̄k∆t)
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∆t = T/n ∈ (0, 1)  >5" P̄n∆t(X̄k∆t) = Φ(X̄n∆t) "  ( k = n −
1, n− 2, . . . , 1, 0 
P̄k∆t(X̄k∆t) = max
(
Φ(X̄k∆t) , e
−r∆t
E
(
P̄(k+1)∆t(X̄(k+1)∆t)
∣∣∣ X̄k∆t
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.
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P̄k∆t(X̄k∆t) ' P (k∆t,Xk∆t)
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\]aku§Mpnµsa©wmknmoa`&arImfhw]_aixflwmofh~kyr z kofhupuopuiMw£¸puo`6i_jlknmofqpsr¢wxi_t_t>pswxa[w¾mxp}t_xaW~flw|a©mx]_a]g{gtMpumx]_aWw|flw¾psr
mo]_a z f/B>iMw|fhpurõ~pgaJ~fqa[rsmwkyr z pur¼mx]a/xa[ui_jlkyof¿m{:pu£mo]_a&pu§w|moks~jhauº/\]_flw¹fhw z psr_a&§g{7Dkyjhjq{kur z kuu¤Ww
­ N¯Óº¾psi_u]_jh{wxtMaWky³gfqr¥gmx]aaoxpsflwpu£!pu z a[ √
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°w¹k
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mo]_a z ajqmok
∆(t, x)
py£kur¼4`&a[xfl~kur´putvmofqpsr¨¥Xmx]Mknm¹fhw
mo]_a z aofhµNkymxfhµua°py£¨mo]_a¹t_xfl~a¡fqmx]xaWw|t>a[~mmop6mo]_a¹fqr_fqmxflkyjVµnkujqi_apy£2mx]_a¹i_r z aojq{gfhr_}kswxwxamt_ofh~au½
∆(t, x) =
∂xP (t, x)
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{´py£mx]_a&t_ofl~a}¡f¿mo]oa[wxt>a[~Àmmxp
mo]_a}fqr_fqmxflkyji_r z aojq{gfhr_
kswxwxam©txfl~a}kyr z kyjlw|p/£¸ps©mo]_a6]a z sfqr_
py£mo]_a6pstvmxfhpur2º0D{Â~psrw|f z a[xfhr_/mo]_a}~[kuwxa
t = 0
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∆t = T/n ∈ (0, 1)  $!
Γ∆t = {α ∈ Rd ; P̄∆t(α) < Φ(α)},
 < P̄∆t(α)  $ 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P̄∆t(α) = max
(
Φ(α) , e−r∆t E
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P̄2∆t(X̄2∆t)
∣∣∣ X̄∆t = α
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.
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∆̄(α) = ∂α Φ(α) ! Γ∆t + e−r∆t∂α E
(
P̄(k+1)∆t(X̄(k+1)∆t)
∣∣∣ X̄k∆t = α
)
! Γc
∆t
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∆0(x) = Ex
(
∆̄(X̄∆t)
)
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3$ ∆(0, x) ' ∆̄0(x)
dvi~]kyr´kswxwxaxmxfhpurÂflw4]ai_ofhw|mxfl~6kur z k/ofhupuopuiMw4wmknmoa`&arIm[¥>fhr~jhi z fhr_¢a[xopu©§Mpsi_r z ¥>mxixrw°pui_m©mxp¢§Ma&k
`&psxa z f/J~i_jqm°txps§_jqa[`:º°»°r_a`/kN{r z fqr Dkujqjh{ !.  ­ bn¯Ew|iM~]´k/§Mpsi_r z §_i_m°fqm°flw4ufhµua[rÂfqr´k¡aWky³ua[
wxarMw|a/«¸fhr
L2([0, T ], dt)
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dvi~]ÆxaWw|ij¿mw6w|moknmoa/mx]Mknm6fhr pu z a[¹mxprgi_`&a[xfl~kujqjh{¼~pu`&t_ivmoa/mx]_a
t_ofh~a
P (0, x)
kur z fqmow z ajqmok
∆(0, x)
¥
fqmflww|i%J/~fqa[rImmxpÂkyt_txpNvfh`&kymxa&k£¬ky`&fhjq{¼py£~pur z f¿mofqpsrkyjavtMaW~Àmokymxfhpurwkur z py£mx]_a[fq z aofqµnknmofqµsa[w[¥Vmx]giw
kujqjhpn¡fhr_*psr_amxp/wxam4i_tÂÂpsrsmoa6Ïkyojqp&w|fh`6ijhkymxfhpurw[º
gflw|mxfhr_¢Âpsrsmoa}Ïkyojhp/`}amx]_p z w°kyt_tjqfha z mop/mx]_flw~purImoagm[¥>~purMw|flwm°fqr:mo]_a6rgi_`&aofl~kyj2aµnkyjhiknmofqpsrÂpy£mx]a
~pur z f¿mofqpsrkyjvagt>a[~mokymxfhpurw§g{`&a[kurwpy£Vk¹wmookymxfqM~kymxfhpur*py£>mx]_atkymx]/wxtku~a£¸psmx]_a4kut_t_opNvfq`/knmofqpsrpy£>mx]a
mookurwxf¿mofqpsr z arwxf¿m{:pu£mo]_a6txpv~aWwxw
Xt
¥Xkuw4mx]_a}ÃsiMkyrImxfhª[kymxfhpur´kyjhupsxfqmx]`7§g{;Dkujqjh{u¥Mkuu¤Ww©kyr z xfhrImxa[`&w
­ bn¯Ó¥vmx]akyjhupuofqmx]_` §g{ Dopsk z fqa¹kyr z Ájlkuwowxao`&kur_r ­h® n¯2pumx]apur_a§g{ DkyokuÃIikyr z kyr z ´ku|mofqra[kyi ­ I ¯<º
©r_pymo]_aÂpsrImxa6Ïkyojqp}kyt_txpIku~]`/ky³sa[wiwxa¹py£!oasxaWwxwxfhpur/`&amo]_p z wmxp&t>ax£¸puo`1mx]_akytt_xpNvfh`/knmxfhpur¢py£
mo]_a6~pur z fqmxfhpurMkyj¨agt>a[~mokymxfhpur¨¥ksw`/k z a6§I{¦¨psr_sw|mokB¼kyr z dv~]g¡kyxmxª ­h® N¯pu4§g{
\wxf¿mw|fh³gjqflw©kur z  kyrpn{
­ uN¯
©jhwxpfhrpu z a[mxp6pnµua~ps`&amx]_a°t_xps§_jha` py£Vmx]a z flwx~xamxfhª[kymxfhpur&py£Vmo]_a©tkymx]¢wxtks~au¥gkyrpymx]a`&amo]_p z ~[kyr
§>a©iMw|a z º-EÓm]ksw¾§>aa[r¢fhrImxop z i~a z §g{&¦2fqpsrw¾kur z a[ur_fha ­h®
 ¯Vkyr z iwxa[wE£¸psx`*i_jlkuw¾kujqjhpn¡fhr_mxp*xa[t_oa[wxarIm
~pur z f¿mofqpsrkyj>avt>a[~Àmknmofqpsrw¾jhfh³ua
E(F (Xt) |Xs = α)
kyr z f¿mw z aofqµnkymxfhµua
∂αE(F (Xt) |Xs = α)
¡of¿mxmxa[r¢fhr
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mxao`/wpy£Ek&w|i_fqmoku§_jhaknmofqp&pu£r_psrv·ô~pur z f¿mofqpsr_a z avt>a[~Àmknmofqpsrw¥gmo]knm4flw
E
(
F (Xt)
∣∣∣Xs = α
)
=
E(F (Xt)π
α
s )
E(παs )
∂αE
(
F (Xt)
∣∣∣Xs = α
)
=
E(F (Xt)π
1,α
s )E(π
α
s ) − E(F (Xt)παs )E(π1,αs )
E(παs )
2
«¬I±
§Ma[fqr_
παs
kur z
π1,αs
w|if¿mky§_jha4¡afhu]Imow[¥u¡]_fl~]¢~pui_j z kyjlw|p z at>ar z psr¢wxi_f¿mky§_jha4jhpv~kyjhfhªfhr_¹£¸i_r~mxfhpurw[ºdgi~]
xa[t_xaWw|a[rImoknmofqpsrw¹~kur§>a/t_opnµua z §g{´iwxfhr_´´kyjhjhfhkNµgfhr~[kyjl~i_jhiwmxaW~]_r_flÃIi_a[w[º¢\]_a/t_opgpy£¬wtxpnµgf z fqr¢mo]_a
£¸puo`6i_jlkuwkswfhr@«¬I±~kurÆ§Ma¢£¸pui_r z fhrKdgaW~Àmofqpsr ´kyr z bM¥!fhrÆmo]_a/£¸ky`&a¡puo³pu£mo]_a Djlku~³¼kur z dv~]_psjqaWw
`}p z a[j 2mx]_a}puofhufhrkyjxa£¸aoar~a6flwmx]_a}tkutMa[§g{´¦2fqpsrw¹kyr z asr_fqa[ ­q® 
 ¯E§_ivm]_aoa}¡a z aµsajhputk¢jhf¿mxmxjha
z fKBXaoarImkytt_xpIku~]¨¥¾`&kufqrjq{Æ£¸ps}mx]_aÂ`*i_j¿mof z fq`&arMw|fhpurkuj4~ksw|as¥¾kyjhjqpn¡fhr_¼mxpÆwxfq`&t_jhf¿£¸{Z~psrw|f z a[oku§_jq{mo]_a
t_xpgpu£¬wºÂpuoapnµsaW¥_fqrõdga[~mxfhpur I ¡a z flwx~iwxwkyrputvmofq`/kyjhfqm{:~xfqmxa[xfhi_` £¸pu©mx]_a&~]_psfh~a6py£Emo]_a6jhpv~kujqfhªfhr_
£¸i_r~Àmofqpsrw[¥I¡]fh~]tjhkN{&kyr/fh`&tMps|mkyrImopujha£¸put_ku~Àmofh~[kyjMt_i_otMpIw|aWw¥Ikuw¾kujqoa[k z {&wmoi z fha z kur z pu§Mw|a[xµsa z §g{
C©ps]knmw|iv· 4fhsk*kyr z amxmxa[owxpur ­q® N¯2kyr z §g{ Dpsi~]ky z ¥ ³sajlkyr z kyr z \!pui_ª[f ­ 
 ¯<º
¦¨amiMw&tMpsfqrImpui_m}mo]knm¡aÂ~psi_j z a[`}tjqpn{õmo]_a|w|mxopur´kujqjhflkNµIfhrK~[kyjl~i_jhiw}£¸ps/pui_/t_opgpy£¬wÂ«¸mx]kymfhw[¥
´kyjhjqflkNµgfqr z aofqµnknmofqµsa[w[¥Mdg³spuopu]_p z fqrImoaukyjlwamo~yº4·¡pu z w¡]_fl~] z prpym°kut_tMaWky°fqrÂmo]_flw4tkutMa[±4§_ivm°¡a
]kNµuapstvmxa z £¸pu¹k`&psxa£¸ofqa[r z jh{*kut_t_opsks~]¨¥fhr´pu z a[4mxp
`/ky³ua*f¿mxaWk z ku§_jha6kyr z ~pu`&t_oa]arwxfq§jqa}kyjlw|p
mxp/t>aputjqa¹¡]_p/kyoa¹r_pym£¬ku`}fhjhfhku¡f¿mo]
mo]_a¹mxpst_fl~yº
at_oa[wxarImknmxfhpurMw«¬I±¢~[kyr¶§>a¼iMw|a z £¸pu¢mx]_at_ku~mxfl~kyj°t_i_otMpIw|a¼py£mo]_a¼txfl~fhr_Qpu£64`&aofl~kyrÅputvmofqpsrw
kuw/£¸psjqjhpn¡4w[º Eôr¶£¬ks~ÀmW¥4w|fhr~a´mx]_a´¡afhu]Imw
παs
kur z
π1,αs
~kur¶§Ma¼¡xfqm|moar¶avt_jhfl~fqmxjh{u¥avt>a[~moknmofqpsrwjhfh³ua
E(f(Xt)π
α
s )
pu
E(f(Xt)π
1,α
s )
~kur¼§>akytt_xpNvfh`/knmxa z mo]_xpsi_u]¼mx]akuwow|pv~flknmoa z a`&t_fhxfl~kujE`&a[kyrMwkyr z
iw|a z mop
rgi_`&aofl~kyjhjh{:~pu`&t_ivmoa6mo]_a&t_ofh~a
P (0, x)
kur z fqmow z a[j¿mk
∆(0, x)
§g{Âiwxfqr_:\]_a[puoa` «A_º ® ±©kur z
xpstMpIw|fqmxfhpur}vºÙv¥Wmx]giwkNµupsf z fqr_mo]_at_xps§_jha`py£_mo]_akyt_t_opNvfq`/kymxfhpurpy£vmo]_amxkyrwxf¿mofqpsr z a[rw|fqm{kyr z py£vmo]_a
z fhwo~oamofqªWknmofqpsrpy£vmx]atkymx]6wxtks~auº!\]_fhw!t_jlkyrsfqµsa[w!kyjlw|pmo]_a~purMw|f z aky§jqaEIkyfhrmxp°t_xpnµgf z ak©´purImxaÏkyojqp
kyjhupuofqmx]_` £¸pu©mx]_a}aµnkyjhikymxfhpurÂpy£
P (0, x)
kur z
∆(0, x)
¡]_fh~]`&ku³uaWw4iwxa6pu£pur_jh{
psr_a*wxampy£¾wxfq`*i_jlknmxa z
mxkna[~mxpsxfha[w£¸ps4mo]_a*~pu`&t_ivmknmxfhpurpy£kyrg{:~pur z f¿mofqpsrkyj!avt>a[~Àmknmofqpsrkyt_t>a[kuxfhr_/fhr\]_a[puoa`vº ® kyr z fhr
xpstMpIw|fqmxfhpurvºÙvº¹¦¨amiwxa[`/kyo³¢mo]knmW¥>iMw|fhr_mo]_flwkut_t_opsks~]¨¥_mo]_a*µnkujqikymxfhpur´pu£mx]a z a[j¿mk¢flw©rpym¹`&k z a
mx]_opui_s]:r_fqmxa z f/B>a[xa[r~a6kut_t_opNvfq`/knmofqpsrw§_i_m°fqmflw©t>ax£¸puo`&a z §g{`}aWkyrw°py£oatxaWw|a[rsmknmofqpsr
£¸psx`*i_jlkuw
¡xfqm|moar´fhrÂmxa[x`/w©py£avt>a[~moknmofqpsrw[º  ¼a*tMpIwmotMpsr_amopdgaW~Àmxfhpur¼´«¬~£¸[º	_º ® kyr z oº s±k~ps`&t_xa[]_arMw|fhµua
t_xaWw|a[rImoknmofqpsr¢pu£wxi~]:kyr:kyjhupuofqmx]_`:º   fqrkujqjh{u¥Mw|ps`}a¹rgi_`&aofl~kyjXoa[wxi_jqmow~kur
§>a¹£¸puir z fqr
oº º
  fhrkujqjh{u¥>]_aoa¡a6~psrwxf z a[4t_ofh~a6kyr z´z ajqmok¥mo]_arxa[t_xaWw|a[rImoknmofqpsr¢£¸psx`*i_jlkuw£¸ps4mx]a*~psr z fqmxfhpurkuj2agt>a[~·
moknmofqpsr kyr z f¿mwuk z fqa[rsmWº EÓm*flw¡puxmx]mxp¼tMpsfqrIm6psivm6mo]knm}pur_a
~puij z kujhwxp´knmxmoku~³¼mx]a¢t_opu§_jha` py£mo]_a
rIi`}a[xfl~kujgaµnkyjhiknmofqpsr6pu£Mpymo]_asxa[a³vwº Eôr z a[a z ¥uwxfh`}fhjlkymxaW~]_r_flÃsia[wE~psi_j z §>a4kyt_t_jhfha z fhr&pu z a!mxp¹ps§vmokufqr
xa[t_xaWw|a[rImoknmofqpsr/£¸puo`6ijhksw¾£¸pspymo]_a z a[xfhµnknmofqµsa[wpy£!mx]_a~psr z fqmxfhpurkujVavt>a[~Àmknmofqpsr¨½mx]_awxa[~pur z
z aofqµnkymxfhµua
«²£¸pu6mx]_a
sku`}`/kI±À¥mx]_a z aofqµnkymxfhµua¡º [º m[º´mx]_a¢wxt>pym*knmoa
r
«²£¸psmx]amx]amokI±À¥ksw¡ajhjkuwmx]_a z aofqµnkymxfhµua
¡º Wº mWºmx]_aµspujlknmofqjhf¿m{
σ
«²£¸psmx]aµuaIks±º
  
"2* !¹  nE 0." n  ! 
 .   /¼¾ !¹ !6
  " 	
6 Î ! 6
 
[
"!.Æ6"2
¦¨am
X
§Ma/k:wxfqr_sjqa}i_r z aojq{gfhr_Âkuwow|amt_ofl~a}t_xpv~a[wow¥ z ofhµuar§g{:mx]_a Djlku~³´kur z dv~]pujha[w¹`&p z aj<¥¨f<º asº*fqm
w|psjqµsa[wmx]_a¹£¸psjqjhpn¡fhr_/wmopg~]Mkuw|mxfl~ z f/BXaoarImxflkyjVaWÃsiMknmxfhpurõ«¬w z aN±
dXt = (r − η)Xtdt+ σXtdWt
X0 = x
é2é ÔM=N<AN
  .	.K( ,-?.	.8	"L!#!+
¡]aoau½
x ∈ R+

r, η ∈ R ¥§Ma[fqr_ r mx]_a¢«A~psrwmkyrIm±wxtMpum4okymxakyr z η mx]_a z fqµgf z ar z pu£2mx]aputvmofqpsr  σ > 0z ar_pumxa[wmo]_aµupsjhkymxfhjqfqm{ 
W
flwk
1
· z fq`&a[rw|fhpurMkyj Dxpn¡r_flkyr
`&pymxfhpur2º\]giw[¥
Xt = x exp
(
ht+ σWt
)
,
¡]aoa
h = r − η − 1
2
σ2.
«¸bg±
\]a¹kufq` fhwmopwmoi z {/mo]_a~psr z fqmxfhpurkujVavt>a[~Àmknmofqpsr
E(Φ(Xt) |Xs = α)
¡]aoa
0 < s < t
¥
α ∈ R+
kur z
Φ
flwk}£¸i_r~mxfhpur:¡f¿mo]:tMpsjq{gr_ps`}flkyjVsxpn¡mo]¨¥Imx]kym4fhw§>ajhpurufhr_}mxp
Eb(R) = {f ∈ M(R) :
mo]_aoaavflwm
C > 0
kyr z
m ∈ N w|i~]
mx]Mknm f(y) ≤ C(1 + |y|m)}
¡]aoa M(R) = {f : R → R : f fhw`&a[ksw|ioku§_jqa } º5Eôr´wxi~]Âk/~ksw|apsr_a~kurÂwmknmxa¹mo]_a£¸psjqjhpn¡fqr}oa[wxi_jqm«A¦¨fhpurwkur z asr_fqa[ ­q® 
 ¯Ó¥¦¨a[`}`&a6_º ® º ® ±À½
  ÈgÌ  È 	   ¢È   È  È  Wv ÌÓÌ  	 
¬_n Ë ¸  Ì 2 Ì s 	uv  Ì

     (
0 ≤ s < t  Φ ∈ Eb  α > 0  03$
E
(
Φ(Xt)
∣∣∣Xs = α
)
=
Ts,t[Φ](α)
Ts,t[1](α)
 %?
Ts,t[f ](α) = E
(
f(Xt)
H(Xs − α)
σs(t− s)Xs
∆Ws,t
) « I ±
&	

H(ξ) = ! ξ≥0  ξ ∈ R  "
∆Ws,t = (t− s)(Ws + σs) − s(Wt −Ws).
	     (
0 ≤ s < t  Φ ∈ Eb  α > 0  03$
∂αE
(
Φ(Xt)
∣∣∣Xs = α
)
=
Rs,t[Φ](α)Ts,t[1](α) − Ts,t[Φ](α)Rs,t[1](α)
Ts,t[1](α)2
 %?
Ts,t[f ]
 $  <F&9
Rs,t[f ](α) = −E
(
f(Xt)
H(Xs − α)
σs(t− s)X2s
[ (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
])
.
«¬I±
¦2am4iw4tMpsfqrIm©psivmmx]kym[¥£¸pu©kurI{_va z £¸i_r~mxfhpur
f
¥vmo]_aput>aknmopu
Rs,t[f ](α)
flw4wxfq`&t_jh{mo]_a z a[xfhµnknmofqµsapu£
Ts,t[f ](α)
½
Rs,t[f ](α) = ∂αTs,t[f ](α)
º
Eôr
mx]at_xpgpu£2py£\]_apsxa[`7_º ® fqm4flww|]_pn¡r¢mx]_aavfhw|mxa[r~a¹py£k6txpv~aWwxw
πs,t ∈ L2(Ω)
wxi~]¢mo]knmW¥vxpsi_u]jq{
wxt>a[ky³gfhr_¥
“ E
(
Φ(Xt)δ0(Xs − α)
)
” = E(Φ(Xt)H(Xs − α)πs,t)
¡]aoa
δ0
w|mokur z w£¸pumo]_a°fqku~&`&aWkuwxi_xa/fhr
0
«¬r_pymofh~a/mx]Mknm
H
flw6ku~mxikujqjh{¼mx]_a z fhw|mxofq§ivmxfhpurÆ£¸ir~Àmofqpsr
kswxwxpv~flknmoa z ¡fqmx]
δ0
±º»°§gµgfqpsiwxjq{s¥mo]_a °fqku~6`/kuwow4flwwxpu`&amx]_fhr_ |µua[x{fqooauijhkuyº Eôr¼wxpu`&a6wxarwxau¥>mx]a
kyjhjqflkNµgfqrÆfhrImxasokymxfhpurÆ§g{õtkyxmow£¸puo`6i_jlkkujqjhpn¡4w¹mop¼oasi_jhkuxfhªa/fqm[¥mx]giw6mxppnµsa~ps`}a&mo]_at_xps§_jha` py£
]Mkyr z jhfhr_/k ©fhoks~`&kswxw[¥_§_i_m4f¿m©flw¡puxmx]
mxp/t>pufhrsm4psivmmx]Mknmmx]fhw©t_xpv~a z i_oa¹t_opnµIf z aWwkur:]_fqs]
µnkuxflkyr~a
§>a[~[kyiwxapy£mo]_at_oa[wxar~apy£mx]_a  4a[kNµgflw|f z a¹£¸i_rM~Àmxfhpur
H
º\]giw[¥_fqm©flw4µua[x{
iwxa£¸i_j2mxp/ufhµuak&jhpv~kujqfhª[kymxfhpur
`&amx]_p z £¸psmx]_a~ps`}tivmokymxfhpurÆpy£©~pur z f¿mofqpsrkyjavtMaW~Àmokymxfhpurw[¥Ekuw6`&k z afhrõmx]_a¢£¸pujhjqpn¡fhr_\]apuoa` _º 
«A¦¨fhpurwkur z asr_fqa[ ­q® 
 ¯Ó¥¦¨a[`}`&a6_º ® º ® ±§g{fhrImxop z i~fhr_}mx]_ajhpv~kujqfhªfhr_}£¸i_r~mxfhpur
ψ
½
ë¸îé¨ë²Ð
 	

	
 "!#%$'&()*!+,-./0!1%23$54$	
06)7.	.89:	;<./4=.84$< > "?2 
¾È 	 	      !
ψ : R → [0,+∞) & $4< !1%!
∫
R
ψ(ξ)dξ = 1
 %  4=./3$  "	
 %./
! 4  	!	
Ts,t

Rs,t
?+ "./><;&(
Ts,t = T
ψ
s,t

Rs,t = R
ψ
s,t
<$# <!#	93.8(   ?
T
ψ
s,t[f ](α) = E(f(Xt)ψ(Xs − α)) + E
(
f(Xt)
H(Xs − α) − Ψ(Xs − α)
σs(t− s)Xs
∆Ws,t
) « 
 ±
"
R
ψ
s,t[f ](α) = −E
(
f(Xt)ψ(Xs − α)
∆Ws,t
σs(t− s)Xs
)
+
−E
(
f(Xt)
H(Xs − α) − Ψ(Xs − α)
σs(t− s)X2s
[ (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
])
.
«¬I±
 %? Ψ >!+$ !1%  "?>&&	.8	! (  $!#&4=!# 4="!  3$$:!+  	!1 ψ  Ψ(y) = ∫ y−∞ ψ(ξ)dξ 
D{6iw|fhr_°mx]_ajhpv~kyjhfhªa z µua[owxfhpur£¸ps!mo]_aput>aknmopuw¥N¡a~[kyr*fq`&`&a z flknmoajh{6wxamEi_t}jqpv~kujqfhªa z oat_oa[wxarImknmxfhpur
£¸puo`6i_jlkuw[½
   ÈgÌ  È 	      ¢È   È  È  [v  Ì ÓÌ  	  A_ n Ë ¸   Ì s 	uv  Ì
    (
0 ≤ s < t  F ∈ Eb 
α > 0
"  (
ψ : R → [0,+∞)  $4 !1%! ∫
R
ψi(ξ)dξ = 1  03$
E
(
Φ(Xt)
∣∣∣Xs = α
)
=
T
ψ
s,t[Φ](α)
T
ψ
s,t[1](α)
"
∂αE
(
Φ(Xt)
∣∣∣Xs = α
)
=
R
ψ
s,t[Φ](α)T
ψ
s,t[1](α) − Tψs,t[Φ](α)Rψs,t[1](α)
T
ψ
s,t[1](α)
2
,
 %?!1% < ?!+$
T
ψ
s,t[f ](α)

R
ψ
s,t[f ](α)
?  	  " ?$# !#	93.8( 
 ¼at>psw|mxt>pur_a¹mopdga[~mxfhpur I k z fhwo~iwowxfqpsr
psr¢mo]_a~]_pufl~a¹pu£2mx]ajqpv~kujqfhªfhr_}£¸i_r~mxfhpur
ψ
º
 ¼aufhµua´rpn¡ kyr_pumx]_a[
jhpv~kyjhfhª[knmofqpsr¶xaWw|ij¿m z i_a¼mxp C°pu]Mknmowxiv· 4fhskÆkur z amxmxawow|psr ­q® N¯fqr@mx]_apur_a·
z fq`&a[rw|fhpurMkyjha¹~[kuwxakyr z mxpDpui~]Mky z ¥ ³ua[jhkur z kyr z \2psi_ªf ­ 
 ¯!fqrmx]a`*i_jqmxf z fq`&a[rw|fhpurMkyj2wxamxmxfhr_º
   ÈgÌ  È 	    ¢È   È  È  [v  Ì ÓÌ  	 
¬_  
  !
0 ≤ s ≤ t  Φ ∈ Eb " ./! α > 0 &     (
ψ̃ ∈ C1b (R)
$4 !1%!
ψ̃(α) = 1
!1%
E
(
Φ(Xt)
∣∣∣Xs = α
)
=
J
ψ̃
s,t[Φ](α)
J
ψ̃
s,t[1](α)
 %?
J
ψ̃
s,t[f ](α) =
1
σs(t− s) · E
(
f(Xt)
H(Xs − α)
Xs
[
ψ̃(Xs)∆Ws,t + ψ̃
′(Xs)Xs σ s(t− s)
])
 ¼a4wx]kyjhjgufhµua]_aoakyr}ajha`&arImkyo{kyt_t_opsks~]mxpmo]_a~pu`&t_i_moknmofqpsr*pu£>~pur z fqmxfhpurMkyjgavt>a[~ÀmknmofqpsrwEkyjhjqpn¡fhr_
mxpt_xpnµsa*\]_a[puoa`/w_º ® ¥¨_º ¢kur z _º bº  a&w|moku|mr_agmwxa[~Àmofqpsr§g{Ât_opnµgfqr_w|ps`&a*oa[wxi_jqmow°pur¼kyjhjqflkNµgfqr
Ïkyjl~i_jhiw¾kujqjhpn¡fhr_¹mxptxpnµsamx]_aky§>pnµua4\]_a[puoa`/w¥s¡]_pswxat_opgpy£¬w¾~[kyr/§>a4£¸psi_r z fhr&mx]_aw|aW~Àmofqpsrkn£²mxa[mo]_a
r_agm4purauº
é2é ÔM=N<AN
®   .	.K( ,-?.	.8	"L!#!+
  ! 	
 "!#$&%')(*+,&
\]a6oat_oa[wxarImokymxfhpur£¸puo`6ijhksw4wmknmoa z fhrÂmx]a6t_oaµgfhpuiw°w|aW~Àmxfhpur¼kyoa§kuwxa z psr´´kyjhjhfhkNµgfhr¼Ïkyjl~i_jhiw©mxa[~]_·
rfhÃIi_aWwº Eôr mo]_a£¸oku`&a¢py£©mx]_a Djhks~³õkur z dv~]pujha[w*`}p z a[j«¸purK¡]_fl~]Q¡a£¸pv~iw}fhr mo]_fhw}tkutMa[±¥Emx]a[wxa
moa[~]_rfhÃIi_aWw¹xa z i~a}mopa[jqa[`&arImokux{´oa[ksw|psr_fhr_sw°§kuwxa z purÄ«¬w|mokur z ku z ±°fhrImxasokymxfhpur¼§I{tkyxmowkur z wxpÂkyoa
kNµnkufqjlky§_jha*mxpÂoa[k z aw°¡]p:kuxa&r_pum£¬ky`&fhjqflky¡fqmx]mx]fhw¹mo]_apsx{sº\]_aoa£¸psxas¥¨¡a}txaWw|a[rsmfhrõmx]_flwwxa[~mxfhpur
mo]_aa[jqa[`}a[rImokyo{
~pui_rImoaotkyxm4py£´kujqjhfhkNµgfhr  wfqrImoauknmofqpsr:§I{tku|mw£¸puo`6i_jlkkur z mx]_a6¡kN{
fqrÂ¡]_fl~]´psr_a
a[`&t_jqpn{vwmo]_fhw£¸puo`6i_jlk£¸ps~ps`}tivmxfhr_´~psr z fqmxfhpurkujEavt>a[~ÀmknmofqpsrwºEôrmo]_a~ksw|a&py£k:ua[r_akyj z f/B>iMw|fhpur¨¥
mo]_aw|mxknmxa[u{/flwmx]_awoky`&akyr z t>apst_jha°£¬ku`&fqjhfhku¡f¿mo]mx]_flw4~kujh~i_jhiw`/kN{a[ksw|fhjq{
k z kutvmmx]_akuxsi_`&arImow[º
¦2amiw4w|moku|m§g{¢k&wxfq`&t_jha z aMr_f¿mofqpsr¨º
-È/.  ¸  Ì  10 ¦2am
F
kur z
G
z arpymxawxÃIikuxa¾fqrImxa[uky§_jhaEkyr z ps` µnkuxflky§_jha[w[º  awokN{©mo]knm!mx]_a
IP (F,G)«EôrImxasokymxfhpur
§I{¢ku|mwo±txpstMa[|m{/]_psj z wf¿£mx]_a[xaavfhw|mowk&woÃsiMkyoa°fhrImxasoku§_jha°¡afhu]Im
πF (G)
w|i~]
mx]Mknm
E(φ′(F )G) = E(φ(F )πF (G)),
£¸ps4kyrg{
φ ∈ C∞b (R)
«  s±
«¬]_aoau¥_kswiwxikyj<¥
C∞b (R)
w|mokur z w£¸pumo]_awxam4py£§Mpsi_r z a z kyr z fhrvr_fqmxa[jq{ z fKBXaoarImofhku§_jqa¹tkymx]w±Àº
»°ra]Mkuw
È 	 	    32    4"42  3$ !1%!
IP (F, 1)
./$  % !	 ./    !	 ?" 9>&./ F %$  "?>&&	.8	! ( %$	!#(
p

	93 &(
p(α) = E(H(F − α)πF (1)).
 	  4 42 > %$ !1%! &!1
IP (F, 1)

IP (F,G)
./  "
E(G |F = α) = E(H(F − α)πF (G))
E(H(F − α)πF (1))
,
 	!	*!1% <9 ! *!1%!!1% &9654!#	! ( $ 754. ! 98  9
E(H(F − α)πF (1)) = 0

:;=<<?>A@
(i)
 aa[`}tjqpn{´oasi_jlkyofqªWknmxfhpur£¸i_r~mxfhpurw~purw|mxoi~mxa z ksw£¸pujhjqpn¡4w[º\!ku³uak:wx`}pgpumx]¨¥w|{g`&`&amoxfl~y¥!r_purv·
raskymxfhµua°£¸i_r~mxfhpur
φ
¡fqmx]Âwxi_t_t>puxm©~psrsmkyfhr_a z fhr
[−1, 1] kyr z wxi~]¢mo]knm ∫
R
φ(t) dt = 1
º\]_a[r:~purwxf z a
φδ(x) = φ(x/δ)/δ
kyr z
Φδ(x) =
∫ x
−∞ φδ(t) dt
º ©pymoa&mx]kym
Φ′δ = φδ
kyr z kujhwxpmx]kym
limδ→0 Φδ(x) =
!̃ [0,+∞)(x) = ! (0,+∞)(x) + δ0(x)/2 º¾\ky³sar_pn¡ Gδ kuwk&kyr z ps` µnkyofhku§_jhau¥_fhr z a[tMa[r z arIm4pu£ F ¥¡]_pswxajlkN¡@flw
φδ(x) dx
ºÏjqaWkyojq{
limδ→0 E(f(F −Gδ)) = E(f(F ))
¥v£¸pskyrg{~psrsmofqrgi_psiw£¸i_r~mxfhpur
f
º\]ar¡a
~[kyr¡xfqmxa
E(f(F −Gδ)) =
∫
R
∫
R
f(u− v)φδ(v) dv dP ◦ F−1(u)
=
∫
R
f(z)
∫
R
φδ(u− z) dP ◦ F−1(u)dz =
∫
R
f(z)E(φδ(F − z)) dz.
dvfqr~amx]_a
IP (F, 1)
t_oput>axm{/]_puj z w[¥v¡a¹]kNµsa
E(φδ(F − z)) = E(Φ′δ(F − z)) = E(Φδ(F − z)πF (1)),
wxp}mx]kym4§g{iwxfqr_/¦2a§>a[wxui_a  w\]_a[puoa`$¡apu§vmkyfhr
lim
δ→0
E(f(F −Gδ)) =
∫
R
f(z)E( !̃ [0,+∞)(F − z)πF (1)) dz.
ë¸îé¨ë²Ð
 	

	
 "!#%$'&()*!+,-./0!1%23$54$	
06)7.	.89:	;<./4=.84$< > "?2 ®s®
\]IiMw¥g£¸ps4kyrg{¢~psrImxfhrIipuiw£¸i_rM~Àmxfhpur
f
¡a¹]kNµsa
E(f(F )) =
∫
R
f(z)E( !̃ [0,+∞)(F − z)πF (1)) dz,
¡]_fh~]´kujqjhpn¡4wmop¢wmknmoamx]kym©mo]_ajlkN¡Îpu£
F
]Mkuw©kt_xps§ky§fqjhf¿m{ z arMw|fqm{
sfqµsarÂ§g{
p(z) = E( !̃ [0,+∞)(F −
z)πF (1)) = E( ! [z,+∞)(F )πF (1)) = E(H(F − α)πF (1)) «¸¡a¼~[kyr xa[t_jhks~a !̃ [0,+∞)(F − z) ¡f¿mo]! [0,+∞)(F − z) §MaW~kyiMw|a¹¡a¹kujqoa[k z {/³gr_pn¡@mo]knmmo]_ajlkN¡Åpy£ F flwky§wxpujhivmoajh{¢~psrsmofqrgi_psiw±Àº
(ii)
¦2amiw z ar_pumxa
θ(α) =
E(H(F − α)πF (G))
E(H(F − α)πF (1))
.
 ¼apur_jh{/]kNµsa4mxp&~]_aW~³*mo]knm£¸pukyrg{&§>pui_r z a z kyr z ~purImofqrgi_psiwE£¸i_rM~Àmxfhpur
f
fqm]puj z wmo]knm
E(f(F )G) =
E(f(F ) θ(F ))
º D{Æiwxfhr_¼kuskyfhrõmx]a
oasi_jhkuxfhª[kymxfhpur£¸i_r~mxfhpurKfqrImxop z i~a z ku§Mpnµsau¥mx]_aµnkyjhf z f¿m{Æpu£mx]_a
IP (F,G)
t_oput>axm{kyr z ¡]kymtxpnµsa z fhr:tkyxm
(i)
kyjhjhpn¡¶mxpw|mokymxamx]kym
E(f(F )G) = E
(
G lim
δ→0
∫
R
f(z)φδ(F − z) dz
)
= lim
δ→0
∫
R
f(z) E(Gφδ(F − z)) dz
= lim
δ→0
∫
R
f(z) E(GΦ′δ(F − z)) dz = lim
δ→0
∫
R
f(z) E(Φδ(F − z)πF (G)) dz
=
∫
R
f(z) E( ! [0,+∞)(F − z)πF (G)) dz =
∫
R
f(z) θ(z) p(z) dz = E(f(F ) θ(F )),
mx]kym4fhwmo]_awmknmoa`&arIm4]_psj z w[º
2
 ¼aufhµua4rpn¡@kjhpg~[kyjhfqª[a z µsaw|fhpur/pu£Vmx]_axaWw|ij¿mt_xaWw|a[rImxa z ky§>pnµuau¥s¡]_fl~]¡fqjhjX§Ma°iwxa z fhrps z a[mop6t_opnµua
\]_apsxa[`7_º bº
-
È/.  ¬ Ì    ¦2am
F
kyr z
G
z ar_pumxa:wxÃIikuxa/fhrImxasoku§_jhaokur z ps` µnkyoflky§_jha[w*kyr z jham
D ⊂ R §>akurput>ar¢wxamWº  ¼awxkN{*mx]kymmo]_a
IPD(F,G)
«Eôrsmoasokymxfhpur/§g{&ku|mw¾jhpv~kujqfhªa z pur
D
±¾t_oput>axm{*]puj z w¾fq£¨mo]_aoa
avfhw|mowk&woÃIikyoa¹fqrImxa[uky§_jha¡a[fqs]sm
πDF (G)
w|i~]
mx]Mknm
E(φ′(F )G) = E(φ(F )πDF (G)),
£¸pu4kurI{
φ ∈ C∞b (R)
wxi~]
mx]kym
supp(φ′) ⊂ D. « ® I±
ÂpuoapnµsaW¥s¡awxkN{/mo]knm
F
]kuwk}jhpv~kyj z arwxf¿m{
p
psr
D
fq£
E(f(F )) =
∫
f(x) p(x) dx,
£¸pu4kyrg{
f ∈ Cb(R)
w|iM~]¢mo]knm
supp(f) ⊂ D.
  fhrkujqjh{u¥_¡awxkN{&mo]knm
E(G |F = α) = θ(α) £¸ps α ∈ D fq£
E(f(F )G) = E(θ(F )G)
£¸pu4kyrg{
f ∈ Cb(R)
wxi~]
mx]kym
supp(f) ⊂ D.
 ¶f¿mo]Æmx]_aWw|a jhpv~kujqfhªa z  z ar_fqmxfhpurMw¥¡apu§vmkyfhrõmx]_a
a_ku~m*kyrMkyjhpuupsiw¹py£©¦2a`&`/k´_º _¥¡]_pIw|atxpgpy£flw
z xpst_t>a z w|fhr~afqm4flwku~Àmoikyjhjh{f z arImxfl~kujXmxp&mx]at_xpgpu£!py£¦¨a[`}`/k/º ½
¾È 	 	     #  4 42  3$ !	!
IPD(F, 1)
%. 3$  % !1% ./   !1% ?" 93&./ F %$F./2. ?&>&	.8	!#(;>$	! (
p

D

	93 &(
p(α) = E(H(F − α)πDF (1)).
é2é ÔM=N<AN
®   .	.K( ,-?.	.8	"L!#!+
 	  4 42 > %$ !1%! &!1
IPD(F, 1)

IPD(F,G)
%./  
E(G |F = α) = E(H(F − α)π
D
F (G))
E(H(F − α)πDF (1))
,
 	!	*!1% <9 ! *!1%!!1% &9654!#	! ( $ 754. ! 98  9
E(H(F − α)πDF (1)) = 0

¦2am&iw}t_opnµuar_pn¡1mo]knm&mo]_a¢£¸psjqjhpn¡fhr_jha`&`/k_¥¾kujqjhpn¡fhr_Âmxpõw|moknmoa¢mo]_a
IP
kur z
IPD
t_oput>axmxfha[w*fqrÄk
wxi_fqmoku§_jqa¹Ikyiwow|flkyr~ksw|as½
È 	 	       !
∆ ∼ N(0, δ) 
+    9(
f, g ∈ C1  " %$
E(f ′(∆) g(∆)) = E
(
f(∆)
(
g(∆)
∆
δ
− g′(∆)
))
.
 &  4! !#	

X = xeµ+σ∆  " %$
E(f ′(X) g(X)) = E
(
f(X)
(g(X)
σ X
(∆
δ
+ σ
)
− g′(X)
))
,
 	!	 f, g ∈ C1 
:;=<<?>A@
(a)
D{iMw|fhr_}mx]_aw|mokur z ku z fqrImxa[uknmofqpsr
§g{tku|mw£¸puo`6i_jlk_¥gpsr_a¹]kuw
E(f ′(∆) g(∆)) =
∫
f ′(y) g(y)
1√
2πδ
e−y
2/(2δ) dy =
∫
f(y)
(
g(y)
y
δ
− g′(y)
) 1√
2πδ
e−y
2/(2δ) dy
= E
(
f(∆)
(
g(∆)
∆
δ
− g′(∆)
))
.
Ïpsr~a[xrfqr_
(b)
¥gr_pumxfl~a4mo]knm
X
flwk¹£¸ir~Àmofqpsr¢py£
∆
ºE\]giw[¥s¡a°~[kyriwxa
(a)
½w|am|mxfhr_
f(X) = f1(∆)
kur z
g(X) = g1(∆)
¥pura}]Mkuw
f ′1(∆) = f
′(X) ∂∆X = f
′(X)σX
kur z
g′1(∆) = g
′(X) ∂∆X = g
′(X)σX
º
\]aoa£¸puoau¥g§g{
(a)
¥
E(f ′(X) g(X)) = E
(
f ′1(∆)
g1(∆)
σX
)
= E
(
f1(∆)
(g1(∆)
σX
∆
δ
− ∂∆
g1(∆)
σX
))
= E
(
f(X)
(g(X)
σX
(∆
δ
+ σ
)
− g′(X)
))
.
2
 a~kur¢mo]_arÂw|mokymxamx]_a¹£¸psjqjhpn¡fhr_
  Ì¾Ì ¬ Ì    !
X
9.893$ 	    . ! s < t " g : R → R  	!	  %.8(" .
?  !	 
   %
IP (Xs, g(Xt))
 ?< ! ( ./$  !1%!  $
E(φ′(Xs) g(Xt)) = E(φ(Xs)πs[g](Xt))
 (
φ ∈ C∞b (R)   	!1
πs[g](Xt) = g(Xt)
1
σs(t− s)Xs
∆Ws,t,
&	

∆Ws,t = tWs − sWt + σs(t− s)

ë¸îé¨ë²Ð
 	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	
 "!#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23$54$	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 	     
α > 0  ./! φ ∈ C1b (R) $4< !1%! supp(φ′) ⊂ Bε(α) = (α − ε, α + ε)   	!	 ε > 0  !
ψ̃ ∈ C1b (R)
$4 !1%!
ψ̃
∣∣∣
Bε(α)
= 1
% 
E(φ′(Xs) g(Xt)) = E(φ(Xs)π
ψ̃
s [g](Xt)),
 	!1
πψ̃s [g](Xt) =
g(Xt)
σs(t− s)Xs
∆ψ̃Ws,t,
&	

∆ψ̃Ws,t = ψ̃(Xs)
(
tWs − sWt + σs(t− s)
)
+ ψ̃′(Xs)Xs σ s(t− s)
= ψ̃(Xs)∆Ws,t + ψ̃
′(Xs)Xs σ s(t− s).
  %! 4=./  !	 IPD(Xs, g(Xt))  "? %!#( %./3$   	!1 D = Bε(α)   (  α 
 		  %
IP (Xs, g(Xt)
∆Ws,t
σs(t−s)Xs
)
 ?< ! ( ./$  !	! $
E
(
φ′(Xs) g(Xt)
∆Ws,t
σs(t− s)Xs
)
= E(φ(Xs) π̄s[g](Xt))
 (
φ ∈ C∞b (R)   	!	
π̄s[g](Xt) = g(Xt)
1
σs(t− s)X2s
( (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
)
.
: ;=<< >A@  awx]kyjhjXt_xpnµsa©tku|mw
(ii)
kur z
(iii)
½mx]a¹w|mokymxa[`}a[rImfhr
(i)
£¸pujhjqpn¡4w§g{iwxfqr}kuxsi_`&arImoww|fh`&fqjlky
«¬kyjh`&psw|mf z a[rImxfl~kyj²±mxp}mo]_apur_aWwiwxa z £¸put_opnµgfqr
(ii)
º
xpgpu£>pu£
(ii)
º\]_a³ua[{t>pufhrsmpu£mo]_a4jhpg~[kyjhfqªWknmofqpsr£¸puo`6ijhk¥nmx]kymfhwmo]_a£¸puo`6ijhkfhr
(ii)
¥uflwmx]kym
φ′ψ̃ = φ′
¥
w|p}mx]Mknm
E
(
φ′(Xs) g(Xt)
)
= E
(
φ′(Xs) ψ̃(Xs) g(Xt)
)
.
dgfqrM~a
Xt = Xs Y
¥_¡f¿mo]
Y = eh(t−s)+σ(Wt−Ws)
fhr z at>ar z arIm4py£
Xs
¥_¡a¹~[kyr¡xfqmxa
E(φ′(Xs) ψ̃(Xs) g(Xt)) = E
(
E(φ′(Xs) ψ̃(Xs) g(y Xs))
∣∣∣
y=Y
)
.
4pn¡¥
Xs = x e
hs+σWs
¥wxp}mx]kym4§I{¢iw|fhr_
(b)
pu£¦2a`&`/k&_º  _¥vpura]Mkuw
E(φ′(Xs) ψ̃(Xs) g(y Xs))
= E
(
φ(Xs)
( ψ̃(Xs) g(y Xs)
σXs
(Ws
s
+ σ
)
− ψ̃′(Xs) g(y Xs) − ψ̃(Xs) y g′(y Xs)
))
= E
(
φ(Xs)
( ψ̃(Xs) g(y Xs)
σXs
(Ws
s
+ σ
)
− ψ̃′(Xs) g(y Xs)
))
− E
(
y φ(Xs) ψ̃(Xs) g
′(y Xs)
)
.
D{¢iw|fhr_kuskyfhrmo]_afhr z at>ar z ar~a§Mam¡a[ar
Xs
kur z
Y
¥_pura]Mkuw
E(φ′(Xs) ψ̃(Xs) g(Xt))
= E
(
φ(Xs)
( ψ̃(Xs) g(Xt)
σXs
(Ws
s
+ σ
)
− ψ̃′(Xs) g(Xt)
))
− E
(
Y φ(Xs) ψ̃(Xs) g
′(Xt)
)
.
é2é ÔM=N<AN
® b  .	.K( ,-?.	.8	"L!#!+
¦2amiw~purwxf z amx]_awxa[~pur z k z_z ar z i` py£mx]_a&Wº ]2º w[ºq½¹¡a*¡fhjhjiwxa*mo]_a&fqrImoauknmofqpsr§g{´tku|mw°£¸puo`6i_jlk
§Mkuwxa z psr
Y
fqr¼pu z a°mxpxa[`&pnµuamo]_a z aofqµnkymxfhµua6pu£
g
ºD{´~pur z fqmxfhpurfqr_
¡f¿mo]¼oa[wxt>a[~Àmmxp
Xs
¥Vpura}~[kyr
¡ofqmxa
E
(
Y φ(Xs) ψ̃(Xs) g
′(Xt)
)
= E
(
E
(
φ(z) ψ̃(z)Y g′(z Y )
)∣∣∣
z=Xs
)
= E
(
φ(z) ψ̃(z)E
(
Y g′(z Y )
)∣∣∣
z=Xs
)
.
D{iMw|fhr_
(b)
pu£¦2a`&`/k}º  ¥vf¿m4]puj z w
E
(
g′(z Y )Y
)
= E
(g(z Y )
z
( Y
σ Y
(Wt −Ws
t− s + σ
)
− 1
))
= E
(g(z Y )
z
Wt −Ws
t− s
)
kur z §I{¢fqrwxaxmxfhr_}mx]fhwfhrmx]_aku§Mpnµsa°aWÃIikyjhf¿m{¢pur_a¹pu§_mokyfhrw
E
(
Y φ(Xs) ψ̃(Xs) g
′(Xt)
)
= E
(
φ(Xs) ψ̃(Xs)
g(Xt)
Xs
Wt −Ws
t− s
)
.
 a~kur¢Mrkyjhjq{¢¡xfqmxa
E(φ′(Xs) ψ̃(Xs) g(Xt))
= E
(
φ(Xs)
( ψ̃(Xs) g(Xt)
σXs
(Ws
s
+ σ
)
− ψ̃′(Xs) g(Xt)
))
− E
(
φ(Xs) ψ̃(Xs)
g(Xt)
Xs
Wt −Ws
t− s
)
kur z wmookufqs]Im|£¸puo¡ky z ~ps`}tivmokymxfhpurwkujqjhpn¡mop´~psr~jhi z asº¢¦¨am6iw¹rMkyjhjq{¼pu§wxaoµua*mx]kymmxp´ks~]_fhaµua}mo]_fhw
oatxaWw|a[rsmknmofqpsr}psr_a©]Mkuwfq`&t_jhfh~f¿mojq{kswxwxi_`&a z mx]kym
g
fhwoauijhku©«
C1
±À¥g¡]_fl~]¢flw¾rpym¾moxia°fhrua[r_akyj<ºGDi_m
mo]_flw¾flwr_pymxaWkyjhjq{&kt_opu§jqa[`½pura°~kuroauijhkuxfhªa
g
¡f¿mo]
wxpu`&a°wxi_fqmoku§_jqa°`&pujhjqfqakyr z §I{&iwxfhr_ z a[rwxf¿m{
kuxsi_`&arImow[¥Imx]_aw|mokymxa[`}a[rIm£¸psjqjhpn¡4w[º
¾xpgpy£py£
(iii)
º  ¼a¡of¿moa¹pur~a¹kuskufqr
Xt = y Xs
¥
g(Xt) = g(yXs)
kyr z
∆Ws,t = v(Xs, Xt)
¥_¡]_a[xa
v(Xs, Xt) =
t− s
σ
(
lnXs − lnx− hs+ σ2s
)
− s
σ
(
lnXt − lnXs − h(t− s)
)
.
\]ar§I{
iwxfqr_
(b)
py£¦2a`&`/k/_º  _¥g¡apu§vmkyfhr
E
(
φ′(Xs − α)g(Xt) ∆Ws,tσs(t−s)Xs
)
= E
(
φ(Xs − α)
[g(Xt) v(Xs, Xt)
σ2s2(t− s)X2s
(Ws + σs)
−Y g′(Xt) v(Xs,Xt)σs(t−s)Xs − g(Xt)
vx(Xs, Xt) + Y vy(Xs, Xt)
σs(t− s)Xs
+
g(Xt) v(Xs, Xt)
σs(t− s)X2s
])
Ïpsrwxf z a[r_pn¡ mo]_amxa[x` ~purImkyfhr_fqr
g′
¥nmx]kymfhw
E
(
φ(Xs−α)Y g′(Xt) v(Xs,Xt)σs(t−s)Xs
) ½!§g{6~pur z fqmxfhpurfqr_w|m
psr
Xs
¥_psr_a¹]kuwmop/aµnkyjhikymxau½
E
(
φ(x − α)Y g′(xY ) v(x, xY )
σs(t− s)x
)
=
φ(x − α)
σs(t− s)x E(Y g
′(xY ) v(x, xY )).
D{oa[~[kyjhjqfhr_6mx]kym
Y = exp(h(t− s) + σ(Wt −Ws))
kyr z §g{iwxfqr&kuskufqr
tkyxm
(b)
py£¦2a`&`/k&_º  _¥vpura
]Mkuw
E(Y g′(xY ) v(x, xY )) = E
(g(xY )
x
[Y v(x, xY )
σY
(Wt −Ws
t− s + σ
)
− v(x, xY ) − Y vy(x, xY )x
])
= E
( g(xY )
σ(t− s)x v(x, xY ) (Wt −Ws) − Y g(xY ) vy(x, xY )
)
ë¸îé¨ë²Ð
 	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w|p}mx]Mknm
E
(
φ(Xs − α)Y g′(Xt)
v(Xs, Xt)
σs(t− s)Xs
)
= E
(
φ(Xs − α)
g(Xt)
σs(t− s)Xs
[ v(Xs, Xt)
σ(t− s)Xs
(Wt −Ws) − Y vy(Xs, Xt)
])
.
D{6fqrwxaxmxfhr_wxi~]/kÃIikurImxfqm{fqr}mo]_aavt_oa[wow|fhpur}ky§>pnµuas¥ywmookufqs]smx£¸puo¡ku z ~pu`&t_i_moknmofqpsrwEkyjhjhpn¡Æmxpps§vmokufqr
E
(
φ′(Xs − α)g(Xt) ∆Ws,tσs(t−s)Xs
)
= −E
(
φ(Xs − α)
g(Xt)
σ2s2(t− s)X2s
[v(Xs, Xt)(t− s)(Ws + σs)
−v(Xs, Xt)s(Wt −Ws) + v(Xs, Xt)σs(t− s) − vx(Xs, Xt)σs(t − s)Xs]
)
.
4pn¡¥_wxfqr~a
vx(Xs, Xt) =
t
σXs
¥pur_a~kur
oa¡ofqmxamx]_aku§Mpnµsa°avt_xaWwxwxfhpur
ksw
E
(
φ′(Xs − α)g(Xt)
∆Ws,t
σs(t− s)Xs
)
= E
(
g(Xt)
φ(Xs − α)
σs(t− s)X2s
[ (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
])
.
2
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7<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 !	  K
2=!  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$	 !		!+ 
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!# &(  %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  ! 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 . ?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?  	
 	"  "./   %? s = tk−1 
t = tk  $!1%! t− s = tk − tk−1     "  ! $ !  !  9( !#	
   * $ <$$(	?> !+0
!  
>2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1/
√
tk − tk−1
  $?+ "?$ !$!1%$      4=.8! (   !1 $ !#(<  . 
	!1
"3$ !+F%". ;!	;&./< &!   !1% .8(!#. ?   =<  $F F?> tk − tk−1  "7!	93"   !	  K
2=!$  =< < > % 	 !1% 	!+#
?!  &(  %!$    	%$ d = 1  !	= $ $F ?>
(tk − tk−1)−1/2
&4=! 	 	%$
d     	.	. %93 (tk − tk−1)−d/2   !	= $F $;!	  ( 	  !	 	%$ $ 	 !1 $. 
	!1  ./2.82!# !  54.	.   $! ;?4< !1 $
93"  "!1 $  $ 4.	
   =
: ;=<< > <?> <?;  @"! @Ekyxm
i)
flwfhwkyr¢fq`&`&a z flknmoa~purwxa[ÃIi_a[r~a©py£!¦2a`&`/k6_º 6kur z oput>pswxfqmxfhpur¢º ® _º
Ïpur~aor_fqr*tku|m
ii)
¥_fqm©w|i%J/~a[wmop}txpnµsa©mo]knm
∂αTs,t[f ](α) = Rs,t[f ](α) = −E
(
f(Xt)
H(Xs − α)
σs(t− s)X2s
[ (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
])
,
£¸pukurg{
f ∈ Eb(R)
º   fqw|m[¥Ijqam¾iwEmky³sa
hδ
ksw¾k
C∞
t_opu§Mky§_fhjqfqm{ z arwxf¿m{*£¸i_r~mxfhpur/¡a[ku³Ijh{*~purgµua[xsarIm[¥yksw
δ → 0 ¥smopmo]_a °fhoks~4`/kuwow¾fhr 0 º\]_flw`&a[kyrMwmo]knmmx]_akuwow|pv~fhkymxa z¢z fhw|mxofh§_ivmxfhpur£¸i_r~Àmofqpsr Hδ ~psrIµsaouaWw¥kuw
δ → 0 ¥gmxp H º¦¨amiw©w|am
T
δ
s,t[f ](α) = −E
(
f(Xt)
Hδ(Xs − α)
σs(t− s)Xs
∆Ws,t
)
.
»°§Iµgfhpuiwxjh{u¥
Tδs,t[f ](α) → Ts,t[f ](α)
ksw
δ → 0 ¥¨§_ivm6kujhwxp¥2§I{iw|fhr_Æ«¬kujq`&pIwmÀ±¹wmkyr z ku z¼z arMw|fqm{kyoui_·`}a[rImow[¥_pur_a~[kyra[kuwxfhjq{¢wx]_pn¡¶mo]knm
lim
δ→0
∂αT
δ
s,t[f ](α) = ∂αTs,t[f ](α).
é2é ÔM=N<AN
®   .	.K( ,-?.	.8	"L!#!+
dvp¥vjham4iw¡puo³/¡fqmx]
∂αT
δ
s,t[f ](α)
º»°r_a]kuw
∂αT
δ
s,t[f ](α) = −E
(
f(Xt)hδ(Xs − α)
∆Ws,t
σs(t− s)Xs
)
.
D{iMw|fhr_&tkyxm
(iii)
pu£oput>pswxfqmxfhpur:_º ® _¥gpsr_a¹]kuw
∂αT
δ
s,t[f ](α) = −E
(
f(Xt)
Hδ(Xs − α)
σs(t− s)X2s
[ (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
]
«¬xaW~kujqjXmo]knm
hδ = H
′
δ
±kur z §g{/mky³gfhr_}mx]_ajhfq`&fqm°kuw
δ → 0 ¥gmo]_aw|moknmoa`&arIm£¸pujhjhpn¡4wº
2
:;=<<?>+<?>    @ @¦2am4iw z a[r_pymoa¹£¸pu4wxfq`&t_jhfl~fqm{
F = Xs, G = f(Xt), πF (G) = f(Xt)
1
σs(t− s)Xs
∆Ws,t,
« ®u® ±
wxpmo]knm¡a}~kur´¡xfqmxa}w|]puxmxjh{
Ts,t[f ](α) = E(H(F − α)πF (G))
¥¨¡]_a[xa
H(x) = ! x≥0 º\!ku³ua ψ ≥ 0wxi~]¢mx]kym ∫
R
ψ(t) dt = 1
kur z wxam
Ψ(x) =
∫ x
−∞ ψ(t) dt
º¾dvfqr~amx]_a
IP (F,G)
]_psj z w¹«¬xaW~kyjhjE« ®s® ±kyr z
(i)pu£!oput>pswxfqmxfhpur:_º ® s±¥vpur_a¹]ksw
E(H(F − α)πF (G)) = E(ψ(F − α)G) − E(ψ(F − α)G) + E(H(F − α)πF (G))
= E(ψ(F − α)G) + E(H(F − α)πF (G)) − E(Ψ′(F − α)G)
= E(ψ(F − α)G) + E(H(F − α)πF (G)) − E(Ψ(F − α)πF (G))
= E(ψ(F − α)G) + E((H(F − α) − Ψ(F − α))πF (G)).
EôrMw|a[|mofqr_&r_pn¡Åmx]_a¹avks~Àm4µnkyjhi_aWw£¸pu
F
¥
G
kur z
πF (G)
kuwfhr« ®u® ±À¥_psr_a¹pu§vmkyfhrw
Ts,t[f ](α) = E
(
f(Xt)ψ(Xs − α)
)
+ E
(
f(Xt)
(H − Ψ)(Xs − α)
σs(t− s)Xs
∆Ws,t
)
= Tψs,t[f ](α).
Ïpsr~a[xrfqr_
Rs,t
¥_¡aw|am
F = Xs, Ḡ = f(Xt)
1
σs(t− s)Xs
∆Ws,t, πF (Ḡ) = f(Xt)
1
σs(t− s)X2s
( (∆Ws,t)2
σs(t− s) + ∆Ws,t −
t
σ
)
,
« ® s±
wxp:mx]Mknm
Rs,t[f ](α) = E(H(F − α)πF (Ḡ))
º\!ku³ua
ψ ≥ 0 wxi~]õmx]Mknm ∫
R
ψ(t) dt = 1
kyr z wxam
Ψ(x) =∫ x
−∞ ψ(t) dt
º5D{iwxfqr*mo]_a
IP (F, Ḡ)
t_xpstMa[|m{/txpnµsa z fhr
(iii)
pu£oput>pswxfqmxfhpur:_º ® _¥gpsr_a¹]kuw
E(H(F − α)πF (Ḡ)) = E(ψ(F − α) Ḡ) + E(H(F − α)πF (Ḡ)) − E(Ψ′(F − α) Ḡ)
= E(ψ(F − α) Ḡ) + E(H(F − α)πF (Ḡ)) − E(Ψ(F − α)πF (Ḡ))
= E(ψ(F − α) Ḡ) + E((H − Ψ)(F − α)πF (Ḡ)).
\]a¹~pur~jqiMw|fhpur
£¸pujhjqpn¡4w§g{fhrwxaxmxfhr_}mx]_aa_ku~Àmµnkyjhi_aWw£¸pu
F
¥
Ḡ
kyr z
πF (Ḡ)
kuwfhrÆ« ® s±Àº
2
:;=<<?> < >  < ;  @ @  a}xaW~kyjhj¨mo]knm
α
fhw©_va z kyr z
ψ̃(α) = 1
ºEôrk/wm¹wmoat¨¥Xjham¹iwkuwow|i_`&a6mx]_a
w|mxopurua°~pur z f¿mofqpsr
ψ̃
∣∣∣
Bε(α)
= 1
¥M£¸pu°wxpu`&a
ε > 0
º°\]ar¨¥>§g{iMw|fhr_
(ii)
pu£oput>pswxf¿mofqpsr´_º ® _¥M¡a6]kNµua
ë¸îé¨ë²Ð
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mx]kymmo]_a
IPBε(α)(F,G)
t_oput>axm{&]_puj z w[¥v¡f¿mo]
F = Xs
kyr z
G = Φ(Xt)
¥Mkyr z §I{/iMw|fhr_/¦¨a[`}`/k}_º 6¡a
pu§vmkyfhr
E(Φ(Xt) |Xs = β) =
E
(
H(Xs − β)πψ̃Xs (Φ(Xs))
)
E
(
H(Xs − β)πψ̃Xs(1)
) , £¸pu4kurI{ β ∈ Bε(α), « ® I±
kyr z fhr
tku|mofh~i_jlky£¸pu
β = α
º
©wow|i_`&arpn¡-mo]knm6¡aiw|m6]kNµsa
ψ̃(α) = 1
º:\]_arÆ¡a`/kN{¼~purw|mxoi~Àm6kÂwxa[ÃIi_a[r~a {ψ̃n}n wxi~]mx]kym
ψ̃n = 1
pur
B1/n(α)
¥
ψ̃n = ψ̃
pur
Bc2/n(α)
kyr z |ψ̃n| ≤ 1 ∧ ψ̃ £¸pukyrg{ n º  ¼a*]kNµua ψ̃n(β) → ψ̃(β) £¸pskyrg{
β
kyr z
ψ̃′n(β) → ψ̃′(β)
£¸pu6kurI{
β 6= α ºFEÓmmx]_a[rõ£¸pujhjqpn¡4wmo]knm πψ̃nXs (Φ(Xs)) → πψ̃Xs(Φ(Xs))
kyr z
πψ̃nXs (1) → π
ψ̃
Xs
(1)
kuw
n → ∞ k_º wºD{´iwxfhr_Â¦¨a§>a[wxuia  w z pu`&fqrMknmxa z ~purgµua[xsar~amo]_apsxa[`¥2pur_a/~kurtkuwow°mxp
mx]_a&jhfq`&fqm¹fhr¼mx]_a&avt>a[~moknmofqpsrw°fqrÄ« ® s±À¥V¡ofqm|mxa[r¼¡fqmx]
ψ̃n
¥2kyr z mxppu§_mokyfhr´mo]_a&µnkyjhf z fqm{Âpy£¹« ® s±
£¸pu4wxi~]k
ψ̃
º
2
   
"2* !¹  nE 0." n  ! 
 .   /¼¾ !¹ !6
  " 	
6 Î ! ,0
. 
[
"!. "2
¦¨am
X
§>a¹mx]_air z aojh{Ifhr_kswxwxamt_ofh~a¹t_xpv~a[wow¥ z ofhµuar:§g{/mo]_a Djhks~³kyr z dv~]pujha[w`&p z aj<¥_f<º asº¾fqm©w|psjqµsa[w
mx]_a¹£¸psjqjhpn¡fqr&w|mxpv~]kswmofh~ z f/B>a[xa[rImxflkyjVa[ÃIikymxfhpurõ«¬w z aW±
dXt = (r̂ − η)Xtdt+ σXtdWt
X0 = x
¡]_aoau½
 x ∈ Rd+

 r̂, η ∈ Rd ¥>¡fqmx] r̂i = r £¸pu°kyrg{ i = 1, . . . , d ¥M§>afhr_ r mx]a
«¬~purw|mokurIm±wxtMpum©knmxas¥Mkur z ¡f¿mo] η mx]_aµsa[~Àmopupy£!mx]_a z fqµgf z ar z wpy£mx]_apstvmxfhpur 
 σ
z arpymxaWwmx]_a
d× d µspujlknmxfhjhf¿m{`/kymxof¿¢¡]fh~]¡awxi_t_t>pswxamxp&§>ar_purv· z a[uaraknmxa 
 W
fhw4k
d
· z fh`&arwxfhpurkuj¨~puooajlknmxa z Dopn¡r_fhkur`&pymofqpsr¨º
 ¶f¿mo]_puivmjhpswow}py£uarakyjhf¿m{s¥Epur_aÂ~kurKwxi_t_t>pswxamx]kym
σ
fhw/kõwxi_§v·<mxofhkur_uijhku*`/knmoxfqV¥Emx]Mknm/fhw
σij = 0¡]_ar_a[µua[
i < j
¥_kyr z mx]kym
W
flwk&w|mokur z ky z
d
· z fh`&arwxfhpurkujDopn¡r_flkyr`&pymofqpsr¨ºE\]giw¥_kurg{~pu`&t>pur_a[rIm
py£
Xt
~kyr§>a¡xfqm|moarÂkuw
X it = xi exp
(
hit+
i∑
j=1
σijW
j
t
)
, i = 1, . . . , d
« ® bg±
¡]_aoa£¸xps` r_pn¡Åpsr:¡awxam
hi = ri − ηi −
1
2
i∑
j=1
σ2ij , i = 1, . . . , d.
\]_akyfh` flwmxp/w|mxi z {¢mx]_a~pur z f¿mofqpsrkyjVagt>a[~mokymxfhpur
E(Φ(Xt) |Xs = α)
é2é ÔM=N<AN
®   .	.K( ,-?.	.8	"L!#!+
¡]aoa
0 < s < t
¥
α ∈ Rd+
kur z
Φ ∈ Eb(Rd)
mo]_a&~jlkuwow©pu£Emx]_a}`&a[kuwxi_ky§_jha£¸i_rM~ÀmxfhpurMw°¡fqmx]¼tMpsjq{gr_ps`&fhkuj
sxpn¡mo]¨¥f<º a |Φ(y)| ≤ C(1 + |y|m) ¥Xfhr´pu z a4mxp z aofqµsaxa[t_oa[wxarImokymxfhpur£¸puo`6i_jlkuw©fqr z fq`&a[rw|fhpur d iwxfqrmo]_apura[wfhr z fh`&arwxfhpur
d = 1
º
Eôr¹£¸a[¡¼¡pu z w[¥mopmx]_flw¨spskujnf¿m!wxi=J~aWwXmxp4~purwxf z a2kurkyivvfhjqflkyo{4t_opv~a[wow
X̃
¡f¿mo]fqr z at>ar z arIm~pu`&tMpsr_arImw
£¸ps¡]_fh~]k£¸psx`*i_jlk£¸psmo]_a~psr z fqmxfhpurkuj>avtMaW~Àmokymxfhpur
fq`&`&a z flknmoajh{/£¸pujhjhpn¡4wkswk*t_op z i~ÀmWº-Eôrk}wxa[~psr z
w|mxa[t¨¥gw|i~]
k¹£¸puo`6i_jlk~[kyr§>a°k z kytvmoa z mopmx]a°psxfhufhrkyjt_xpv~a[wow
X
§g{&`}aWkyrw¾py£2kur´«¸fhrIµsaw|fh§_jhaW±E£¸i_r~Àmofqpsr
sfqµgfhr_
X
£¸opu`7mx]_akuivvfqjhflkyo{t_opg~a[wow
X̃
º  a¡fqjhj z flwo~iwowjlknmxa[mx]_a*~purr_a[~mxfhpurw¡fqmx]:¡]kym4]kuw§>aa[r
z aµua[jqpstMa z fhrmx]_atMkyt>apy£¦¨fhpurwkur z asr_fha ­q® 
 ¯Óº
\!p&pui_ti_xt>pswxa[w[¥vjham
`t = (`
1
t , . . . , `
d
t )
§>ak*_va z
C1
£¸i_r~mxfhpurÂkyr z jham4iw4wxam
X̃ it = xi exp
(
hi t+ `
i
t + σiiW
i
t
)
, i = 1, . . . , d
« ®2I ±
¡]fh~]pu§gµgfqpsiwxjq{woknmofhw|a[wmo]_aw z a
dX̃t = (r̂ − η + `′t)X̃tdt+ σ̄X̃tdWt
X̃0 = x
« ® I±
§>afhr_
σ̄
mo]_a z fhkuupurMkyj`/kymxof¿&¡]_pswxa4a[rsmoxfha[wkyoa4ufhµua[r/§g{
σii
¥
i = 1, . . . , d
ºE©wkMow|m¾oa[wxi_j¿mW¥g¡a©w|mxi z {
k*mookurw£¸psx`/kymxfhpur
kujqjhpn¡fhr_6mop&]kyr z jqa¹mo]_ar_a¡ t_opg~a[wow
X̃
fhrt_jhks~apu£2mx]apuofqsfqrkujXt_xpv~a[wow
X
½
È 	 	     0(
t ≥ 0 !1%?   $! $ 4="!  Ft(·) : Rd+ → Rd+ $4 !	! Ft  $	 93$&./ 
Xt = Ft(X̃t) X̃t = F
−1
t (Xt).
:;=<<?>A@¦2am
t, `, x
§Ma¹_va z º   opu` « ®2I ±¾¡a¹]kNµua
W it =
1
σii
(
ln
X̃ it
xi
− hi t− `it
)
.
EôrMw|a[|mofqr_}mo]_fhwfhrÆ« ® bI±À¥pur_a¹pu§_mokyfhrw
X it = xi exp
(
hit−
i∑
j=1
σij
σjj
(hj t+ `
j
t )
) i∏
j=1
(X̃jt
xj
)σij/σjj
\]giw[¥v§g{¢wxam|mofqr
σ̃ij =
σij
σjj
, i, j = 1, . . . , d.
kur z §g{6iwxfqr¹mx]_ar_pumokymxfhpur
ln ξ = (ln ξ1, . . . , ln ξd)
¥s£¸pu
ξ = (ξ1, . . . , ξd) ∈ Rd
¥ymo]_ar
Ft = (F
1
t , . . . , F
d
t )woknmofhw|aWw
lnFt(y) = −σ̃ `t + σ̃ ln y + (I − σ̃)(ln x+ ht)
kur z ¥v§g{
wxamxmxfhr_
σ̂ = σ̃−1
¥vfqmowfhrgµuawxa©£¸i_rM~Àmxfhpur:flwufhµua[r¢§g{
lnF−1t (z) = `t + σ̂ ln z + (I − σ̂)(lnx+ ht).
2
¦2amiw4wxi_`&`/kyofqª[a£¸pujlknmxa[iwxa°mo]_at_oaµgfhpuiwoa[wxi_j¿mWº  ¼awxam
σ̃ij =
σij
σjj
, i, j = 1, . . . , d,
kur z
σ̂ = σ̃−1
« ®
 ±
ë¸îé¨ë²Ð
 	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EÓmfhw¡puxmx]¼r_pymofh~fqr:mx]kym
σ̂
flw¹a[ksw|{ÂmopÂ~pu`&t_i_mxa/§>a[~kuiwxa
σ̃
flwk
mxofhkur_ui_jlky¹`/knmoxfqVº/ÂpuoapnµsaW¥
σ̂
flw
f¿mw|a[j¿£mxofhkur_uijhkukur z
σ̂ii = 1
£¸ps4kyrg{
i
ºE\]IiMw¥gmo]_a¹£¸i_r~mxfhpur
Ft
kur z fqmow4fqrgµua[owxa
Gt = F
−1
t
wxi~]¢mo]knm
Xt = Ft(X̃t)
kur z
X̃t = Gt(Xt)
kyoasfqµsar
§I{
F it (y) = e
−
P
i
j=1 eσij`
j
t yi
i−1∏
j=1
( yj
xj
e−hjt
)eσij
, i = 1, . . . , d, y ∈ Rd+
« ® s±
kyr z
Git(z) = e
`it zi
i−1∏
j=1
( zj
xj
e−hjt
)bσij
, i = 1, . . . , d, z ∈ Rd+.
« ®  s±
D{*iwxfqr_mx]_a4txpv~aWwxw
X̃
¥I`/kyfhr_jh{mx]a£¬ku~mmx]kym¾fqmow¾~pu`&t>pur_a[rsmwkyoafqr z at>ar z arIm[¥g¡a4~kyr&aWkuwxfqjh{6ps§vmokufqr
k6Mow|m£¸puo`6i_jlk6£¸pumx]a~pur z f¿mofqpsrkyjVavtMaW~Àmokymxfhpur:wmkyxmxfhr_}£¸xps`$mx]apur_a· z fh`&arwxfhpurkuj>psr_auº
   ÈgÌ  È 	    ¢È   È  È  [v  Ì ÓÌ  	 
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   !
0 ≤ s < t &<       ( 4="!  Φ ∈ Eb(Rd)  α ∈ Rd+  " %3$
E
(
Φ(Xt) |Xs = α
)
=
Ts,t[Φ](α)
Ts,t[1](α)
 ?
Ts,t[f ](α) = E
(
f(Xt)
d∏
i=1
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
) «Aus±
&	

X̃s = Gs(Xs)
"
α̃ = Gs(α)
­
Gs
&	
F>5"	     ¯  H(ξ) = ! ξ≥0  ξ ∈ R  
∆W is,t = (t− s)(W is + σiis) − s(W it −W is), i = 1, . . . , d.
	   !
0 ≤ s < t &<       ( 4="!  Φ ∈ Eb(Rd)  03$   j = 1, . . . , d 
∂αj E
(
Φ(Xt) |Xs = α
)
=
j∑
k=1
σ̂kj
α̃k
αj
× Rs,t;k[Φ](α)Ts,t[1](α) − Ts,t[Φ](α)Rs,t;k[1](α)
Ts,t[1](α)2
,
 ?
Ts,t[f ](α)
 $>5" >&9 "  3$ k = 1, . . . , d 
Rs,t;k[f ](α) = −E
(
f(Xt)
H(X̃ks − α̃k)
σkks(t− s)(X̃ks )2
[ (∆W ks,t)2
σkks(t− s)
+ ∆W ks,t −
t
σkk
]
×
×
d∏
i=1,i6=k
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
.
«A ® ±
¢È 	 v       7<./!   $F$$4=7
 !	F$$! $  !	!0 $ !	F93./!#	.8	!#(7!#  σ  $
.  !1% σ̂ =  : d×d  4$  !1% $4= < > %	
  !1%F9.K4!#   ∂αj E(F (Xt) |Xs = α)?4$!+*!1% $	
./F!+  	!	 k = j   	!	 : ! α̃j/αj = e`js   =< 	 ! 4=  $F754. !    %"93 ` = 0 
é2é ÔM=N<AN
u  .	.K( ,-?.	.8	"L!#!+
:;=<<?>< >  < ; @ @
i)
¦2am°iMw©wxam
Φ̃t(y) ≡ Φ̃(y) = Φ ◦ Ft(y)
¥
y ∈ Rd+
¥>§Ma[fqr_
Ft
z ar_a z fhrQ« ® s±Àº
dvfqr~a
Xt = Ft(X̃t)
£¸pu4kurg{
t
¥_puraps§gµIfhpuiMw|jh{/]kuw
E
(
Φ(Xt)
∣∣∣Xs = α
)
= E
(
Φ̃(X̃t)
∣∣∣ X̃s = Gs(α)
)
,
«¬xaW~kujqjXmo]knm
Gs = F
−1
s
±º\]IiMw¥wxamxmxfhr_
α̃s ≡ α̃ = Gs(α)
¥fqm4fhwwxi=J~fharImmop}txpnµsa©mo]knm
E
(
Φ̃(X̃t)
∣∣∣ X̃s = α̃
)
=
T̃s,t[Φ̃](α̃)
T̃s,t[1](α̃)
«Aus±
¡]aoa
T̃s,t[f ](α̃) =
d∏
i=1
1
σiis(t− s)
· E
(
f(X̃t)
d∏
i=1
H(X̃ is − α̃i)
X̃ is
∆W is,t
)
©pn¡¥yjhamEiww|mxjh{6w|it_tMpIw|amo]knm
Φ̃(y) = Φ̃1(y1) · · · Φ̃d(yd)
¥umx]kymflw
Φ̃
~kyr}§>a4w|a[tkyknmoa z fhr}mx]_at_op z i~m
pu£
d
£¸i_r~mxfhpurwa[ks~]&pur_a z at>ar z fhr_*pur_jh{6psrkw|fhr_sjqa4µnkuxflky§_jha4kyr z §>ajhpurufhr_¹mxp Eb(R) ºGEôrw|i~]k6~kuwxau¥psr_a¹pu§gµgfqpsiwxjq{/]ksw
E
(
Φ̃(X̃t)
∣∣∣ X̃s = α̃
)
=
d∏
i=1
E
(
Φ̃i(X̃
i
t)
∣∣∣ X̃ is = α̃i
)
.
©pn¡¥gf¿mflwaWkuwx{}mxp&w|a[a©mo]knm£¸pua[ks~]
X̃ it
\]_a[puoa`$_º ® ~[kyr
§Ma¹kyt_tjqfha z «¸fhr z a[a z ¥v]_a[xa©mx]_a z ofq£²mpu£
X̃ it
fhw
pu£!mo]_a£¸psx`
ρit X̃
i
t
¡]_fhjhamx]_a6t_xpv~a[wow]kyr z jqa z fqr:mo]_apura· z fq`&a[rw|fhpurMkyj¨~ksw|a]Mkuw
ρit = const.
¥§_i_m4mx]_flw
flwr_pum©k z fKJ~ij¿m{_±Àº\]giw[¥_oa[~[kyjhjqfhr_*mx]kym
X̃
]kswfqr z at>ar z arIm©~ps`}t>purarImow[¥v§g{¢\]_apsxa[`7_º ® pur_a¹]ksw
E
(
Φ̃(X̃t)
∣∣∣ X̃s = α̃
)
=
d∏
i=1
E
(
Φ̃i(X̃
i
t)
∣∣∣ X̃ is = α̃i
)
=
d∏
i=1
Tis,t[Φ̃i](α̃i)
Tis,t[1](α̃i)
§>afhr_
T
i
s,t[g](α̃i) =
1
σiis(t− s)
· E
(
g(X̃ it)
H(X̃ is − α̃i)
X̃ is
∆W is,t
)
.
D{iMw|fhr_/kyIkyfhr¢mo]_afqr z at>ar z ar~a¹£¸pumx]a~pu`&t>pur_a[rImowpy£
X̃
¥_fqm4a[kuwxfhjq{/£¸psjqjhpn¡4wmx]kym
T̃s,t[Φ̃](α̃) =
d∏
i=1
T
i
s,t[Φ̃i](α̃i)
kur z
T̃s,t[1](α̃) =
d∏
i=1
T
i
s,t[1](α̃i),
wxpÂmo]knmÂ«Asu±]puj z w¡]_a[r
Φ̃(y) = Φ̃1(y1) · · · Φ̃d(yd)
º EôrÆmo]_a
sar_a[okuj~[kuwxau¥mx]_a:w|moknmoa`&arIm}]_puj z w§g{
iMw|fhr_6k z arwxf¿m{&kyoui`}a[rIm[½!£¸pukurg{
Φ̃ ∈ Eb(Rd)
mo]_aoa4agflw|mow¾k6w|aWÃsiar~a4py£V£¸i_rM~ÀmxfhpurMw {Φ̃n}n ⊂ Eb(Rd)wxi~]&mo]knm
Φ̃n(X̃t) → Φ̃(X̃t)
fhr
L2
kur z wxi~]&mx]kym¾a[ks~]
Φ̃n
fhwk¹jqfhr_a[ku~pu`6§fqrkymxfhpur&py£X£¸i_rM~ÀmxfhpurMw¡]_fl~]
wxatMkyknmxamo]_a6µnkyoflky§_jha[w4ksw4ky§>pnµuasºdvfqr~a6oat_oa[wxarImknmxfhpurõ«Asu±]puj z w£¸ps©kyrg{
Φ̃n
¥fqm©rkujqjh{]_puj z w£¸ps
Φ̃ksw¡a[jqj<¥_kuwfqm4fh`}`&a z fhkymxa[jq{¢£¸pujhjqpn¡4w§g{tkswxwxfqr*mop}mx]_ajhfq`&fqm[º
ii)
  fqwmW¥_r_pumxfl~amo]knmW¥§g{¼« ®  s±¥
σ̂kj α̃k/αj = ∂αjG
k
s (α) = ∂αj α̃k
º\]giw[¥§g{~purMw|f z aofhr_
Ts,t[f ](α)
kuw
k*£¸i_rM~ÀmxfhpurÆ«Akuwfqm4fhw  ±*pu£
α̃
¥vmx]Mknm4flw
Ts,t[f ](α) = T̃s,t[f ](α̃)
¥vmo]_ar:¡apur_jh{]kNµsa©mop/w|]_pn¡Åmx]kym
Rs,t;k[f ](α) = ∂eαk T̃s,t[f ](α̃) = ∂eαk E
(
f̃(X̃t)
d∏
i=1
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
,
ë¸îé¨ë²Ð
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¡]_aoa°¡a¹]kNµua¹wxam
f̃(X̃t) = f ◦ Ft(X̃t)
º D{~pur z fqmxfhpurfqr_&¡º [º m[ºEkujqjXmo]_a~pgpu z fhrknmoa[wpy£
X̃t
a_~at_m£¸ps
mx]_a
k  
 psr_au¥kur z §I{¢xaW~kyjhjhfqr_*mx]Mknm
X̃
]kuwfhr z a[tMa[r z arIm°~pu`&t>pur_a[rsmw¥vpsr_a¹]kuw
T̃s,t[f ](α̃) = E
(
E
(
f̃−k(X̃
k
t )
H(X̃ks − α̃k)
σkks(t− s)X̃ks
∆W ks,t
)∣∣∣
exj= eXjt ,j 6=k
×
d∏
i=1,i6=k
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
,
§Ma[fqr_
f̃−k(X̃
k
t ) = f̃(x̃1, . . . , x̃k−1, X̃
k
t , x̃k+1, . . . x̃d)
º\]giw¥
∂eαk T̃s,t[f ](α̃) = E
(
∂eαk E
(
f̃−k(X̃
k
t )
H( eXks −eαk)
σkks(t−s) eXks
∆W ks,t
)∣∣∣
exj= eXjt ,j 6=k
×
×
d∏
i=1,i6=k
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
.
4pn¡¥v§g{¢iwxfhr_}mx]_apsr_a z fq`&a[rw|fhpurMkyjVoa[wxi_j¿mw«¬wxaa\]_a[puoa`7º ® kyr z «As±fhrtMkyxmxfl~i_jlkyÀ±À¥gpura]Mkuw
∂eαk E
(
f̃−k(X̃
k
t )
H(X̃ks − α̃k)
σkks(t− s)X̃ks
∆W ks,t
)
= E
(
f̃−k(X̃
k
t )
H(X̃ks − α̃k)
σkks(t− s)(X̃ks )2
[ ∆W ks,t
σkks(t− s)
+∆W ks,t−
t
σ
])
D{¢xaWkyookur_ufhr_6a[µua[x{Imx]fqr_M¥Imx]_a¹£¸psx`*i_jhk}]_psj z wº
2
¦¨am4iMwufhµuaw|ps`&a¹~pu`&`&arImokux{/oa`/kux³vwky§>puivmmo]_aw|fhurf¿M~[kyr~a¹py£2mo]_a z of¿£²mx·A£¸ir~Àmofqpsr
`t
º¾dgam|mofqr_
Qit(z) = e
−`it Git(z) = zi
i−1∏
j=1
( zj
xj
e−hjt
)bσij
,
mx]_a[r
H(Gis(Xs) −Gis(α)) = ! Gis(Xs)≥Gis(α) = ! Qis(Xs)≥Qis(α) = H(Qis(Xs) −Qis(α)),w|p}mx]Mknm4¡aps§vmokufqr
Ts,t[f ](α) = e
−
Pd
i=1
`is
d∏
i=1
1
σiis(t− s)
· E
(
f(Xt)
d∏
i=1
H(Qis(Xs) −Qis(α))
Qis(Xs)
∆W is,t
)
.
«Aus±
4pn¡¥I§I{&oa[~[kyjhjqfhr_¹mx]Mknm
Qit(z)
z pga[wrp6`&puoa z a[tMa[r z psr
`
¥umo]_a©psr_jq{&¡kN{*fhr¡]_fl~]
`t
~ps`&a[wpsivmfhrpsi_
£¸puo`6i_jlk/flw ∑d
i=1 `
i
t
¥Vwxp/mx]Mknm°¡a]kNµsaiw|m°pura z a[uoaapy£E£¸oaa z pu`:º©\]at_opu§_jha` fhw°]_pn¡Îmxp
~]_pgpswxa
`
¥
jqam4iwr_pn¡ z fhwo~iwowky§>pui_mmx]_flwº
\]_a`/kyfhrkut_t_jhfh~[knmxfhpurpy£mx]a°£¸psx`*i_jlk*flwk zz xaWwxwxa z mxp/ÂpsrImxa6Ïkyojqp/wxfq`*i_jlknmxfhpurMw¥Imx]aoa£¸puoau¥_kswiwxikyj<¥
pur_a4¡kN{6flw¾mxppstvmxfh`&fqª[a*«¸]aoau¥I`}fhr_fh`&fqª[aW±mo]_a©µnkuxflkyr~apu¾mx]_a°fqrImxa[uknmoa z µnkyofhkur~apu£Vmx]_aÂpurImxa¹Ïkyojqp
a[w|mxfh`&kymxps¡f¿mo] oa[wxtMaW~Àmmop
`
ºÂÂpuoat_oa[~fhwxajh{u¥§g{¼iwxfhr_´\]_apsxa[` bMº _¥2mo]_a¢~pur z fqmxfhpurMkyj¾avtMaW~Àmokymxfhpur
m(α) = E(Φ(Xt) |Xs = α)
fhwrgi_`&aofl~kyjhjh{aµnkyjhikymxa z fhr:k&ÂpsrImxa6Ïkyojqp/wxamxmxfhr_&§I{¢`}aWkyrwpu£
mN (α) =
TNs,t[Φ](α)
TNs,t[1](α)
¡]_aoa
T
N
s,t[f ](α) =
d∏
i=1
1
σiis(t− s)
· 1
N
N∑
k=1
f(X
(k)
t )
d∏
i=1
H(X̃
i,(k)
s − α̃i)
X̃
i,(k)
s
∆W
i,(k)
s,t
é2é ÔM=N<AN
s  .	.K( ,-?.	.8	"L!#!+
psa[ÃIi_fhµNkujqa[rImxjh{
T
N
s,t[f ](α) =
d∏
i=1
1
σiis(t− s)
· 1
N
N∑
k=1
f(X
(k)
t )
d∏
i=1
H(Gis(X
(k)
s ) −Gis(α))
Gis(X
(k)
s )
∆W
i,(k)
s,t ,
¡]aoa
(W (k), X(k))
¥!ksw
k = 1, . . . , N
wmkyr z £¸psfqr z at>ar z a[rIm6~putfqaWw¹py£
(W,X)
º D{iMw|fhr_Æ«Aus±À¥!¡a
~[kyr:kyjlw|p}¡of¿moa
T
N
s,t[f ](α) = e
−
Pd
i=1 `
i
s
d∏
i=1
1
σiis(t− s)
· 1
N
N∑
k=1
f(X
(k)
t )
d∏
i=1
H(Qis(X
(k)
s ) −Qis(α))
Qis(X
(k)
s )
∆W
i,(k)
s,t ,
mo]knmEflw¥sfqr&psi_E~purImoagmmx]_a4ÂpsrImxa©Ïkyojqpa[w|mxfh`/knmopu
TNs,t[f ](α)
flwmx]_aa[`&t_fqofl~kyjv`&aWkyr¨¥yit*mopk~purw|mokurIm
moao`:¥vpy£fqr z at>ar z a[rIm©~putfqaWwpy£mx]_akyr z pu`$µnkyofhku§_jha
H`ss,t[f ](α) = e−
Pd
i=1
`is
d∏
i=1
1
σiis(t− s)
· f(Xt)
d∏
i=1
H(Qis(Xs) −Qis(α))
Qis(Xs)
∆W is,t.
\]giw[¥npura~pui_j z ksw|³¹£¸ps
`s
mxp§>awxamEfhr*ps z a!mxp¹`&fqr_fh`&fqª[amx]_aµnkyofhkur~apy£ H`ss,t[f ](α)
¥ups!fqmowfhrImxa[uknmxa z
µnkuxflkyr~au¥Imx]Mknm4flw
v[f ](`s) = Var
(
H`ss,t[f ](α)
) ps
v[f ](`s) = Var
( ∫
Rd
H`ss,t[f ]µ(dα)
)
.
D{oa[~[kyjhjqfhr_*mx]kymmx]_a
Qis
 w z p}rpym z at>ar z pur
`
¥v¡a~kur:¡xfqmxa
v[f ](`s) = e
−2
P
d
i=1
`i(s) v[f ]
¡]aoa
v[f ]
flwfhr z a[tMa[r z arIm4pu£
`s
º\]giw[¥gmx]atMa[o~arImokuuaokymxfhpsw
E
(
H`ss,t[f ](α)
)
Var
(
H`ss,t[f ](α)
)1/2
kur z E
(∫
Rd
H`ss,t[f ](α)µ(dα)
)
Var
(∫
Rd
H`ss,t[f ](α)µ(dα)
)1/2
>"!5+ %" 
`
¥Imx]kymflwmx]_a`&fqrfq`&fhª[knmofqpsrpy£2mx]_aµnkyofhkur~a°¡f¿mo]¢oa[wxtMaW~Àm¾mop
`
flwkr_psrw|a[rwxa©fhrmx]fhw
~purImxagm[º
©r_pymo]_a¡kN{*mxp}~]_pgpswxamx]a z of¿£²m
`
fhwfhrpu z afqr¢pu z aEmop6]kNµsa
Gs(α) = α
¥g¡]_fl~]flwmo]_a°~]_psfh~a4`/k z a
§g{¢¦2fqpsrwkyr z a[ur_fhafhr ­q® 
 ¯Óº\]_a~psxoa[wxtMpsr z fhr_
`
fhw©~pu`&t_i_mxa z fhr¢mo]_a¹£¸pujhjhpn¡fqr_
  Ì¾Ì ¬ Ì  
α
 $   %	! !	!#?$! 
Gs
 7 .8(  
` = `∗   ? `∗  $(0 !1 92	
F93.84 !! 	
s

	93 &(
`∗i (s) =
i−1∑
j=1
σ̂ij
(
hj s− ln
αj
xj
)
, i = 1, . . . , d,
σ̂
&	
; < 	       !#4=.     `t = ` t !	 Gs(α) = α   " .8(  ` = `∗   <
`∗i =
i−1∑
j=1
σ̂ij
(
hj −
1
s
ln
αj
xj
)
, i = 1, . . . , d.
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: ;=<< >A@!\]_atxpgpy£>fhwfq`&`&a z flknmoauº-D{¢« ®  s±psr_a~kyr/wx]_puxmxjh{¡of¿moa
lnGs(z) = `s+ σ̂ ln z+(I− σ̂)(lnx+
hs)
¥vmo]giw
α = Gs(α)
fq£kur z psr_jh{¢fq£
`s = `
∗
s =
(
σ̂ − I
)(
h s− ln α
x
)
¡]_aoamx]_awx{g`6§>puj
ln αx
wmkyr z w£¸pu4k}µuaW~Àmxps¡]_pswxa
ith
a[rsmox{¢fhwsfqµsar§g{
ln αixi
º
2
¢È 	 v   0  !6 $  !1 !#	
 !1%! K
	.	.8( σ  $:
>".  !1% α = Gs(α)  "*.8(  
`∗ = 0
   !  	 $4< 73$ σ̃ = I $ !1%! σ̂ − I = 0   =< $4=<$!	! `∗ = 0  3$	! 4$!&9:4$.K( .	./      (;3$  ".  (3$ 3$ `∗1 = 0  &4$  !1% >! !1%! σ̃11 = 1 )7?93 !	 %<
` = `∗

	93$ F%$?&./ $	6 .8  !    !	 4="! 
Ft
" 	!$ 	9$
Gt
   $	
lnFt(y) = −σ̃`t+ σ̃ ln y + (I − σ̃)(ln x+ ht)  " 3$	.8(F>&!+	$
F it (y) = yi
i−1∏
j=1
(
yj
xj
(xj
αj
)t/s)eσij
, i = 1, . . . , d;
«<nbg±
?9  $	 lnGs(z) = `s+ σ̂ ln z + (I − σ̂)(ln x+ hs)  $! ?K
2=!   ?  "4=!+!#$ .	./  !+<".84 !1%!
Git(z) = zi
i−1∏
j=1
(
zj
xj
(xj
αj
)t/s)bσij
, i = 1, . . . , d.
«< I ±
¦¨amiw4r_pn¡ z flwx~iwowky§>puivmmx]a¹~pur_ra[~Àmofqpsr
¡fqmx]
mx]a¹£¸puo`6i_jlk6sfqµsar
§I{
¦¨fhpurwkur z 4aurfqa[ ­h®
 ¯<¥_¡]fh~]
moky³sa[wfhrImxp/ku~[~puirsmmo]_at_opg~a[wow
X̂
z ar_a z ksw
X̂t = xi exp
(
hi t+
i−1∑
j=1
σijw
j
t + σiiW
i
t
)
¡]_aoa/«¬kuwiMw|ikujA¥ ∑0
j=1(·) := 0
kyr z ±
wt
wxpujhµua[wmo]_aw|{vw|mxa[`
i∑
k=1
σikw
k
t = lnαi − lnxi − hi t, i = 1, . . . , d.
«<yI±
EÓmfhw¹¡puxmx]xa[`/kyo³Ifhr_¢mx]kym
X̂
]kswfqr z at>ar z a[rIm*~ps`}t>purarImow[¥2kuw¡ajhjkuw
X̃
º/\]_a}£¸psx`*i_jhksfqµsarfhr
­q® 
 ¯!w|moknmoa[wmo]_a¹£¸pujhjqpn¡fhr_M½wxamxmxfhr_
Ls,t[f ](α) =
d∏
i=1
1
σiis(t− s)
· E
(
f(Xt)
d∏
i=1
H(X̂ is − αi)
X̂ is
∆W is,t
)
mx]_a[r
E
(
Φ(Xt) |Xs = α
)
=
Ls,t[Φ](α)
Ls,t[1](α)
«A 
 ±
\]IiMw¥§Mpumx]Z£¸puo`6ijhksw z at>ar z psrZkurÄkuivvfqjhflkyo{Æt_xpv~a[wow*¡fqmx]¶fhr z a[tMa[r z a[rsm¢~pu`&t>pur_a[rsmwÂ«
X̃
kyr z
X̂xaWw|t>a[~mxfhµuajh{_±À¥I¡]_fl~]fqrmxi_orflw z amxa[x`&fhr_a z §g{*mx]_afhrsmoxp z iM~Àmxfhpur/pu£2kr_a[¡ z of¿£²m¹«
`
kyr z
w
xaWw|t>a[~mxfhµua[jq{s¥
mx]_a/jlknmxmxa§>afhr_ z ar_a z mo]_xpsi_u]Z«Aus±|±º   i_xmx]_a[x`&psxas¥Vmx]_a}£¸psx`*i_jhkswufhµIfhr_mx]a}pstMa[okymxpsow
Ts,t
kyr z
é2é ÔM=N<AN
yb  .	.K( ,-?.	.8	"L!#!+
Ls,t
¥skyjhjqpn¡fhr_°mxp¡xfqmxa z pn¡r6mx]_a~psr z fqmxfhpurkujgavtMaW~Àmknmxfhpur2¥ukyoaoa[kujqjh{¹µua[x{wxfq`&fhjhkua_~a[tvm£¸pumx]_at>pufhrIm
α
ºÂpsxa¹t_oa[~fhwxajh{u¥v§>pymo]pstMa[okymxpsow~kur
§>axa[¡xfqm|moar:kuw
As,t[f ](α) =
d∏
i=1
1
σiis(t− s)
· E
(
f(Xt)
d∏
i=1
H(Y i − gi(α))
Y i
∆W is,t
)
,
fhr:¡]_fl~]
• ~]_pgpswxa Y = X̃s kur z g(α) = Gs(α) fhrps z amxp&pu§_mokyfhr As,t[f ](α) = Ts,t[f ](α) 
• ~]_pgpswxa Y = X̂s kur z g(α) = α fqr:pu z a[mop/pu§vmkyfhr As,t[f ](α) = Ls,t[f ](α) º\]giw[½¡]knmflwmx]_a~pur_r_aW~Àmofqpsr¢§>am¡aar
mx]a°m¡p&kyt_t_opsks~]_a[w  EÓmflwwxfq`&t_jhau½Efq£!psr_aw|amow
`1t = 0
kyr z £¸pu
i = 2, . . . , d
¥
`it =
∑i−1
j=1 σijw
j
t
¥Xmo]_arfqmflw¹wmookufqs]smx£¸puo¡ku z mopwxaa6mx]kym~pur z f¿mofqpsrK«<ys±4a[ÃIikujhw°mxp
mx]a
~pur z f¿mofqpsrwmoi z fha z fhroput>pswxf¿mofqpsr/bº b¥smx]kym¾flw
α̃ = Gt(α) = α
º\]_flw`&a[kurwEmo]knmf¿£
`s
fhw¾_va z fhrps z a[
mop]kNµsa
Gs(α) = α
¥Ikswfqm¾]ksw§>aar/`/k z a4fhr/xpstMpIw|fqmxfhpur/bMº bM¥ymo]_am¡p¹£¸puo`6i_jlkuwkuxa4ks~Àmoikyjhjq{*f z arImxfl~kujAº
\]aoa£¸puoau¥mx]_a&kytt_xpIku~]Âw|mxi z fha z ]_aoa6flww|ps`}a*`&puoaua[r_akyj2mx]kurÂmx]_a}pura z a[µuajhput>a z §I{Â¦2fqpsrw©kur z
4aurfqa[[º
¦2amiwoa[wxi_`&amx]_aku§Mpnµsa°ps§wxaoµNkymxfhpurwfhrmx]_a¹£¸psjqjhpn¡fqr

È 	 v  32  7 "	"  ". *;4=./ ! 
`
&	!#?	.8(  $*!1%!   ?! .  4=# %$$ !1% $	 "./%
`(t) = ` t
$ $!+F& 
:2 4
3 F, "	
;!	    F$!+ ! `  42 !  "  !  F	%$ 
`
< & $4
2
>$! 

 ` = 0 
!1 $;$	6 .8  $ !	  "<:$<$
X̃ 
!	7 %?!+*.	./  	
 !+  	!+*   !	7  %! ! 
&<$ 	7!1 $ 3$
Ts,t[f ](α) =
d∏
i=1
1
σiis(t− s)
· E
(
f(Xt)
d∏
i=1
Hi(Xs, α)
X is
∏i−1
j=1
(
Xjs
xj
e−hjs
)bσij ∆W
i
s,t
)
,
 %? Hi(y, α) = ! Qi
j=1
(Xjs/αj)
bσij ≥1

 ` = `∗   	!	 `∗ 3$	  ? %$	!      $>&$93  !1 $
	9$   4=.  !1%F<"	! ". !+!#	 %	!   >! > ! .!+!	   "?9:>< &(  %$"K
"!	 < ?! 
Ts,t[f ](α)
 $?
Ts,t[f ](α) =
d∏
i=1
e−`
∗
i s
σiis(t− s)
· E
(
f(Xt)
d∏
i=1
Hi(Xs − α)
X is
∏i−1
j=1
(
Xjs
xj
e−hjs
)bσij ∆W
i
s,t
)
,
  < &<  	!#!  $
Ts,t[f ](α) =
d∏
i=1
∏i−1
j=1 α
bσij
j
σiis(t− s)
· E
(
f(Xt)
d∏
i=1
Hi(Xs − α)∏i
j=1(X
j
s )bσij
∆W is,t
)
.
¦2amiwr_pn¡ z fhwo~iMwxw2£¸puo`6i_jlkuw2fqrgµspujhµIfhr_4jhpv~kujqfhª[kymxfhpur¹£¸i_r~mxfhpurw[ºLEÓ£¡axaWwmoxfl~Àmpui_knmxmxarImofqpsrmxpt_op z i~Àmx·
m{gt>a4jhpg~[kyjhfqª[fqr°£¸ir~Àmofqpsr¨¥umo]_ar¢¡a4~[kyr}wmw|mokymxa4kjhpv~kujqfhªa z £¸psx`*i_jlk©£¸psEmx]a©put>aknmopuw
Ts,t[f ](α)
kyr z
Rs,t;j [f ](α)
kur z mx]_a[r
£¸psmx]_a~pur z f¿mofqpsrkyjVagt>a[~mokymxfhpurÂkyr z fqmowsok z fqa[rIm[ºLEôr
£¬ks~ÀmW¥_pur_aw|m]Mkuw
È 	 	       !
ψ(x) =
∏d
i=1 ψi(xi)  x = (x1, . . . , xd) ∈ Rd   	!1 ψi ≥ 0 "
∫
R
ψi(ξ)dξ = 1

;!	 < ?! $
Ts,t

Rs,t;j   < 	  8  "    ?$# %! 	9.8(   &./:.82<$ .	./  $ 
Ts,t[f ](α) = T
ψ
s,t[f ](α)

Rs,t;k[f ](α) = R
ψ
s,t;j [f ](α), k = 1, . . . , d,
ë¸îé¨ë²Ð
 	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	
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 %?
T
ψ
s,t[f ](α) = E
(
f(Xt)
d∏
i=1
[
ψi(Xs − α)) +
H(X̃ is − α̃i) − Ψi(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
]) «Aus±
"
R
ψ
s,t;k[f ](α) = −E
(
f(Xt)
[
ψk(X̃
k
s − α̃k)
∆W ks,t
σkks(t− s)X̃ks
+
+
H(X̃ks − α̃k) − Ψk(X̃ks − α̃k)
σkks(t− s)(X̃ks )2
( (∆W ks,t)2
σkks(t− s)
+ ∆W ks,t −
t
σkk
)]
×
×
d∏
i=1,i6=k
[
ψi(X̃
i
s − α̃i) +
H(X̃ is − α̃i) − Ψi(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
])
.
«A  s±
 %? Ψi "! $ !	' ?&&	.8	!#(; $!#&4=!  4=!# $$2!+<  	!1 ψi  Ψi(y) = ∫ y−∞ ψi(ξ)dξ 
: ;=<< >A@dvam
f̃(X̃t) = f ◦Ft(X̃t)
º D{&~pur z f¿mofqpsr_fhr_¡º [º m[ºEkyjhjMmx]_a~pgpu z fhrknmoa[wEpu£
X̃t
av~atvm¾£¸pumx]_a©ow|m
pur_as¥_kyr z §g{oa[~kujqjhfhr_6mo]knm
X̃
]kswfqr z at>ar z a[rIm©~pu`&t>pur_a[rImow[¥vpur_a]ksw
Ts,t[f ](α) = E
(
E
(
f̃−1(X̃
1
t )
H(X̃1s − α̃1)
σ11s(t− s)X̃1s
∆W 1s,t
)∣∣∣
exj= eXjt ,j 6=1
×
d∏
i=1,i6=1
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
,
¡]_aoa¹¡a¹]kNµsawxam
f̃−1(X̃
k
t ) = f̃(X̃
1
t , x̃2, . . . x̃d)
º D{iwxfqr_}mo]_apur_a z fh`&arwxfhpurkujVxaWw|i_jqmow¹«Aw|a[a¦¨a`&`/k
_ºÙu±À¥vpsr_a¹]kuw
E
(
f̃−1(X̃
1
t )
H(X̃1s − α̃1)
σ11s(t− s)X̃1s
∆W 1s,t
)
= E
(
f̃−1(X̃
1
t )
[
ψ1(X
1
s − α̃1) +
(H − Ψ)(X̃1s − α̃1)
σ11s(t− s)X̃1s
∆W 1s,t
])
,
w|p}mx]Mknm
Ts,t[f ](α) = E
(
f(Xt)
[
ψ1(X
1
s − α̃1) +
(H − Ψ)(X̃1s − α̃1)
σ11s(t− s)X̃1s
∆W 1s,t
] d∏
i=1,i6=1
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
.
4pn¡¥v§g{
~purwxf z aofqr_*mx]a~pur z f¿mofqpsr_fhr_&¡º Wº mWº
X̃1t , X̃
3
t , . . . , X̃
d
t
¥_pura]Mkuw
Ts,t[f ](α) = E
(
f(Xt)
2∏
j=1
[
ψj(X
j
s−α̃j)+
(H − Ψ)(X̃js − α̃j)
σjjs(t− s)X̃js
∆W js,t
] d∏
i=1,i6=1,2
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
.
D{¢f¿moaknmxfhr_/k&w|fh`&fqjlkytxpv~a z i_oa¹pur
mx]_aoa`/kyfhr_fhr_&~pu`&t>pur_a[rImow[¥vpur_akuxofqµsa[w¾mxp}mx]aar z º
Ïpur~aor_fqr
Rs,t;k
¥mx]_awmknmxa[`&arIm*~kurÆ§Ma
t_opnµua z fhrÆmx]a¢wxku`&a¡kN{s¥!§g{iwxfqr_´mx]_a
pur_a z fq`&arMw|fhpurkuj
jqpv~kujqfhª[kymxfhpurQ£¸puo`6i_jlkÂ£¸ps
Rs,t
fhrZ¦2a`&`/k¼º _º Eôr z a[a z ¥§g{Q~psr z fqmxfhpur_fhr_¡º Wº mWºKkujqjmo]_aÂ~pgpu z fhrknmoa[w
a_~a[tvm£¸pumo]_a
k  
 pur_as¥vpur_aw|m©kyoxfhµuaWwmop
Rs,t;k[f ](α) = −E
(
f(Xt)
[
ψk(X̃
k
s − α̃k)
∆W ks,t
σkks(t− s)X̃ks
+
+
H(X̃ks − α̃k) − Ψk(X̃ks − α̃k)
σkks(t− s)(X̃ks )2
( (∆W ks,t)2
σkks(t− s)
+ ∆W ks,t −
t
σkk
)]
×
×
d∏
i=1,i6=k
H(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
])
.
é2é ÔM=N<AN
u  .	.K( ,-?.	.8	"L!#!+
©pn¡¥X§I{Â~pur z fqmxfhpurfqr_
¡º Wº m[ºkyjhj!mx]_a&~pgpu z fhrknmoa[w°a_~a[tvm©£¸psmx]_a
j  
 purau¥X¡f¿mo]
j 6= k ¥¨kur z §g{Âiwxfqrmo]_ajhpg~[kyjhfqªWknmofqpsr¢t_oput>axmxfha[w£¸ps
Ts,t
kswfqrÂ¦¨a[`&`&k&º _¥gmx]_a¹rMkyjX£¸puo`6ijhk&~kur
§>aku~]fqa[µua z º
2
D{ÄiwxfqrÆmx]_ajhpg~[kyjhfqª[a z µsaw|fhpurZ£¸ps¢mo]_apstMa[okymxpuw[¥mx]_a¼jqpv~kujqfhªa z oat_oa[wxarImokymxfhpurZ£¸puo`6ijhksw/£¸pu
mx]a
~pur z f¿mofqpsrkyjVagt>a[~mokymxfhpur:kyr z f¿mwuk z fqa[rsmfh`}`&a z fhkymxa[jq{¢£¸pujhjqpn¡4w[½
  ÈgÌ  È 	    ¢È   È  È  Wv Ì ÓÌ  	 
¬_ n Ë ¬   Ì u  sv Ì 
   (
0 ≤ s < t  F ∈ Eb 
α ∈ Rd+
"   (
ψ ∈ Ld  03$
E
(
F (Xt)
∣∣∣Xs = α
)
=
T
ψ
s,t[F ](α)
T
ψ
s,t[1](α)
"  3$ j = 1, . . . , d,
∂αj E
(
F (Xt)
∣∣∣Xs = α
)
=
j∑
k=1
σ̂kj
α̃k
αj
×
R
ψ
s,t;k[F ](α)T
ψ
s,t[1](α) − Tψs,t[F ](α)Rψs,t;k [1](α)
T
ψ
s,t[1](α)
2
,
 <!1% < <!+$
T
ψ
s,t[f ](α)
"
R
ψ
s,t;k[f ](α)
?  < 	    "     <$# <!#	93.8( 

È 	 v      	"  "./  " 4=./ ! 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4="!#%$  <>< < ?!+  !1%!  $ 
E
(
F (Xt)
∣∣∣Xs = α
)
=
T
ψ1
s,t[F ](α)
T
ψ2
s,t[1](α)
∂αj E
(
F (Xt)
∣∣∣Xs = α
)
=
j∑
k=1
σ̂kj
α̃k
αj
×
R
ψ3
s,t;k[F ](α)T
ψ4
s,t[1](α) − Tψ5s,t[F ](α)Rψ6s,t;k [1](α)
T
ψ7
s,t[1](α)
2
.
4 " >!'$!     $4$$  . :.K	
4=!#$   4=!1%?   !0>&$93 	  
  ./$ %?F$  .	.    σ  $ 
.  !	$4= 
	92	
 ∂αj E(F (Xt) |Xs = α) ?4$ !+ !1%$	
./ !+  	!	 k = j   	!	 : ! α̃j/αj = e`js   7	7!#4=  $  54. !     ` = 0 
  ¢ ![.Æ./.	 n0
¾ !"
¦2amiw4~pur~jqi z amx]_flw mx]_a[puoamxfl~kuj tkyxm¡f¿mo]:kurkurkyjh{vw|flwpur
mx]a~]_pufl~apy£mx]_ajhpv~kujqfhªfhr_}£¸i_r~mxfhpurw[º
¦2amiww|m z flwo~iwowmx]_a&psr_a z fq`&a[rw|fhpurMkyjE~ksw|asº D{´oa£¸aoofqr_¢mxpÂ\]_a[puoa` _º _¥Vfhrõpu z a°mxpÂ~pu`&t_ivmoa
E(Φ(Xt) |Xs = α)
pura]Mkuwmxp/a[µnkyjhiknmoa
T
ψ
s,t[f ](α) = E
(
f(Xt)
[
ψ(Xs − α) +
H(Xs − α) − Ψ(Xs − α)
σs(t− s)Xs
∆Ws,t
])
,
¡fqmx]
f = Φ
kur z
f = 1
º¢dgi~]Ækur¼agt>a[~mokymxfhpurõfhw¹toks~Àmxfl~kujqjh{´a[µNkujqiMknmxa z §g{¼`}aWkyrw¹pu£mo]_a/a`&t_fhofh~[kyj
`&aWkyrpu§vmkyfhr_a z mx]_opuiu]`&kurg{fqr z at>ar z arIm4xa[t_jhfh~[knmxfhpurMw½
T
ψ
s,t[f ](α) '
1
N
N∑
q=1
f(X
(q)
t )
[
ψ(X(q)s − α) +
H(X
(q)
s − α) − Ψ(X(q)s − α)
σs(t− s)X(q)s
∆W
(q)
s,t
]
.
\]a:kufq` fhw&rpn¡ mxpÆ~]_pgpIw|amx]aÂjqpv~kujqfhªfhr_¼£¸i_r~mxfhpur
ψ
fqrÄps z a[}mxpõxa z i~a
mo]_aÂµnkyofhkur~aÂksw&¡a[jqj4ksw
t>pswowxfq§_jhauºE\!p}mx]_flwt_i_ot>pswxau¥vjham4iwfhrImxop z i~amo]_aÃIikyrImxfqm{
If1 (ψ) =
∫
R
E
(
f2(Xt)
[
ψ(Xs − α) +
H(Xs − α) − Ψ(Xs − α)
σs(t− s)Xs
∆Ws,t
]2)
dα,
ë¸îé¨ë²Ð
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¡]_fh~]¶sfqµsa[w&mo]_afhrImxa[uknmxa z µNkuxflkyrM~aÂi_tÄmopÆmx]_a¼~purMwmkyrIm¼«¸¡fqmx]ÅxaWw|t>a[~mmxp
ψ
±}mxa[x`
T
ψ
s,t[f ](α) =
Ts,t[f ](α)
º\]_a[r:pur_a¹]ksw
  Ì¾Ì ¬ Ì 0 4! !#	
 L1 = {ψ : R → [0,+∞) ; ψ ∈ C1(R), ψ(+∞) = 0 " ∫R ψ(t) dt = 1},!	
inf
ψ∈L1
If1 (ψ) = I
f
1 (ψ
∗),
 %? ψ∗ = ψ∗(ξ)  ξ ∈ R   $   "./>+!#(< %6 ?&&	.8	!#(;>$	!#( 4=!# 
ψ∗(ξ) =
λ∗
2
e−λ
∗ |ξ|,  	!	 λ∗ = λ∗[f ] =


E
(
f2(Xt)
(
1
σs(t−s)Xs
∆Ws,t
)2)
E
(
f2(Xt)
)


1/2
.
: ;=<< >A@E¦¨amiw©w|am
πs,t =
∆Ws,t
σs(t− s)Xs
.
  fqk4jhpv~kyjhfhªfhr_4£¸i_rM~Àmxfhpur
ψ ∈ L1
º   fqwmW¥N§I{¹fhrImxa~]kur_ufhr_mo]_a¾ps z a[2pu£_fqrImxa[uknmofqpsrkyr z §g{~psrwxf z a[xfhr_
mx]_a~]kur_uapy£µnkyofhku§_jha
β = Xs − α
¥_psr_a]ksw
If1 (ψ) = E
∫
R
f2(Xt)
(
ψ(β) + (H − Ψ)(β)πs,t
)2
dβ.
4pn¡¥¨wxam
ε ∈ R kyr z jqam ψ̂ ∈ L1(R) wxi~]mx]kym°£¸pskurI{´wx`/kyjhj ε mo]_ar ψ + εψ̂ ∈ L1 º6dvam|mofqr Ψ̂(x) =∫ x
−∞ ψ̂(t) dt
¥psr_a¹]kuw
(If1 )
′(ψ)(ψ̂) = lim
ε→0
1
ε
(
If1 (ψ + εψ̂) − If1 (ψ)
)
= 2E
∫
R
f2(Xt)
(
ψ̂(β) − Ψ̂(β)πs,t
)(
ψ(β) + (H − Ψ)(β)πs,t
)
dβ.
 ¼a&w|]pn¡Îrpn¡mx]kym
ψ∗
flw4mo]_a6psr_jh{
£¸ir~Àmofqpsrfhr L1 w|iM~]Âmx]kym (If1 )′(ψ∗)(ψ̂) = 0
£¸pskurg{
ψ̂
wxkymxflw£¸{gfhr_
mx]_a~pur z f¿mofqpsrw¾ku§MpnµsauºÏpurwxf z a¾mx]_a©ow|mmoao` pu£Xmx]_a}«¸jlkuw|m±EWº ]¨º w[ºh½!§g{&iwxfqr_mx]_awmkyr z ku z fhrImxa[uknmxfhpur
§I{¢tkyxmow£¸psx`*i_jhk:«¬xaW~kyjhjXmx]Mknm
Ψ̂′ = ψ̂
±À¥¡a~kur
¡ofqmxa
∫
R
ψ̂(β) f2(Xt)
(
ψ(β) + (H − Ψ)(β)πs,t(1)
))
dβ
= Ψ̂(β) f2(Xt)
(
ψ(β) + (H − Ψ)(β)πs,t
)∣∣∣
+∞
−∞
−
∫
R
Ψ̂(β) f2(Xt) ∂β
(
ψ(β) + (H − Ψ)(β)πs,t
)
dβ
4pn¡¥wxfqrM~a
Ψ̂(β) → 0 kuw β → −∞ kyr z ψ flw4k:«¬ÃIi_fqmxa6wx`&pgpymx]>±t_xps§ky§fqjhf¿m{ z arwxfqm{£¸i_r~mxfhpur¨¥>w|p}mo]knmfqr¼tkyxmxfl~i_jlky
ψ(β) + (H − Ψ)(β) → 0 ksw β → +∞ ¥mo]_a6Mow|m©moao` rgi_jhjhf¿aWwºÂpuoapnµsaW¥ ∂β
(
ψ(β) +
(H − Ψ)(β)πs,t
)
= ψ′(β) − ψ(β)πs,t
£¸pu4kujq`&psw|m4kyrg{
β
º\]giw[¥_¡a¹pu§vmkyfhr
(If1 )
′(ψ)(ψ̂) = −2E
∫
R
Ψ̂(β) f2(Xt)
(
ψ′(β) − ψ(β)πs,t + ψ(β)πs,t + (H − Ψ)(β)π2s,t
)
dβ
= −2
∫
R
Ψ̂(β) E
(
f2(Xt)
(
ψ′(β) + (H − Ψ)(β)π2s,t
))
dβ.
dgfqrM~a
Ψ̂
flw}mx]_aÂtxfh`&f¿mofqµsa
£¸ir~ÀmofqpsrZpu£kurZkujq`&psw|m/kyo§_f¿mookuxfhjh{fhrImxa[uky§_jha¢£¸ir~Àmxfhpur2¥¡a:~kyrÄwokN{õmx]kym
(If1 )
′(ψ)(ψ̂) = 0
£¸pu4kurI{
ψ̂
f¿£Ekyr z psr_jq{¢f¿£
E
(
f2(Xt)
(
(H − Ψ)(β)π2s,t + ψ′(β)
))
= 0
é2é ÔM=N<AN
u  .	.K( ,-?.	.8	"L!#!+
£¸ps«¬kujq`&psw|m±kurI{
β
º¦¨am4iw z a[r_pymoa
a2 =
E(f2(Xt)π
2
s,t)
E(f2(Xt))kur z
v(β) = Ψ(β)
¥w|p:mo]knm
v′(β) = ψ(β)
kyr z
v′′(β) = ψ′(β)
º  a/mx]aoa£¸puoa/ku~]_fhaµsa}mx]_a&£¸psjqjhpn¡fqr
ps z fqrkux{ z fKBXaoarImxflkyjVaWÃIiknmofqpsr¨½
v′′(β) − a2 v(β) + a2H(β) = 0,
¡]pswxa¹wxpujhivmofqpsr
flww|fh`&t_jh{
v(β) =
{
c1 e
aβ + c2 e
−aβ + 1
fq£
β > 0
c3 e
aβ + c4 e
−aβ f¿£ β < 0,
¡fqmx]
c1, . . . , c4 ∈ R
kur z
a =
√
a2
º 4pn¡¥>§g{:fq`&t>pswxfqr_mx]kym
v(+∞) = 1 ¥ v(−∞) = 0 kyr z v′(β) ]kuwmop&§Mak&~psrImxfhrIipuiwt_opu§Mky§_fhjqfqm{ z a[rw|fqm{£¸ir~Àmofqpsr¨¥_¡a°Mrkyjhjq{¢uam
v∗(β) =
{
1 − 12 e−aβ
f¿£
β > 0
1
2 e
aβ f¿£ β < 0,
psa[ÃIi_fhµNkujqa[rImxjh{
ψ∗(β) = ∂βv
∗(β) =
a
2
e−a|β|.
\]giw[¥
(If1 )
′(ψ∗)(ψ̂) = 0
£¸pukurI{
ψ̂ ∈ L1(R) º 4pn¡¥¨fhr¼ps z amxpÂwx]_pn¡ mx]Mknm ψ∗ ufhµua[w°mo]_a&`}fhr_fh`6i_`:¥rpymxfl~amo]knm£¸ps4kyrg{
ϕ
wxi~]
mx]kym
ψ∗ + ϕ ∈ L1
pur_a¹]ksw
I(ψ∗ + ϕ) − I(ψ∗) = E
∫
R
f2(Xt)(ϕ(β) − Φ(β)πs,t)2 dβ + (If1 )′(ψ∗)(ϕ),
¡]aoa
Φ(x) =
∫ x
−∞
ϕ(z) dz
ºdgfqrM~a
(If1 )
′(ψ∗)(ϕ) = 0
£¸ps4kyrg{
ϕ ∈ L1(R) ¥vmo]_ar
I(ψ∗ + ϕ) − I(ψ∗) = E
∫
R
f2(Xt)(ϕ(β) − Φ(β)πs,t)2 dβ ≥ 0,
¡]fh~]t_opnµua[wmo]knm
ψ∗
fhwks~Àmoikyjhjq{mx]_a`&fhr_fq`&fhªfhr_&£¸i_r~mxfhpur¨º
2

È 	 v  0  " "!#	.%93.84 !	  %?! 
λ
?$# %"	
 ! 
f = 1
 &  ".8	!#.8(  	! !+
 ?.	. !	!
x
"! $ !	 $!+!#	
 4=".8(	
;$$!  " 

λ∗[1] = x−1 e−hs+σ
2s
√
t+ σ2s(t− s)
σ2s(t− s) .
 !  &(  '?< 3$	!#   ;" %$
λ∗[1] =
1
σs(t− s)E
(
X−2s (∆Ws,t)
2
)1/2
,
 =<  &<  "4=!+   "><  &(4$	
 !1%?+ "?$ ! !    Xs  	! %./3$
E
(
X−2s (∆Ws,t)
2
)
= x−2e−2hsE
(
e−2σWs
(
(t− s)Ws − s(Wt −Ws) + σs(t− s)
)2)
ë¸îé¨ë²Ð
 	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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= x−2e−2hsE
(
E
(
e−2σWs
(
(t− s)Ws − s y + σs(t− s)
)2)∣∣∣
y=Wt−Ws
)
.
     $	 E(e−2σWs ) = e2σ2s  E(Ws e−2σWs) = −2σse2σ2s  E(W 2s e−2σWs) = s(1+4σ2s)e2σ2s " %$
E
(
e−2σWs
(
(t− s)Ws − s y + σs(t− s)
)2)
= e2σ
2s
(
s(t− s)2(1 + 4σ2s) + s2(σ(t− s) − y)2 − 4σs(t− s)(σ(t − s) − y)
)
.
  ( 	$!#	

y = Wt −Ws
F&(  "4=!#	
 !	 !#4=	
 4=!' !+!#  	!.	./  $ !1%!
E
(
X−2s (∆Ws,t)
2
)
= x−2e−2hs+2σ
2ss(t− s)(t+ σ2s(t− s)),
$ !	!
λ∗[1] = x−1 e−hs+σ
2s
√
t+ σ2s(t− s)
σ2s(t− s) .
\]_a¢ky§>pnµua/pstvmxfh`&fqªWknmofqpsr ~of¿moaofqi_` ]ksw§Ma[ar fhrImxop z i~a z §g{ C°pu]kymowxiv· 4fhsk:kyr z am|mxa[owxpur ­h® N¯Óº Eôr
t_xfhr~fqt_jhau¥Ipura©~psi_j z ~purMw|f z ak`&a[ksw|i_oa`&puoa4ua[r_akyj_mx]kur/mx]_a¦¨a[§MaWw|si_a4purau¥Irky`&ajh{*mxpoat_jlku~a
dα¡f¿mo]
ρ(dα)
fqr&mo]_a4agtxaWwxwxfqpsr6£¸ps
If1 (ψ)
¥s§_i_m¾fqrwxi~]/k~[kuwxafqm¾flwr_pumtMpIwxwxfh§_jqa4mxp¡of¿moa z pn¡r&avt_jhfh~f¿mojq{
mx]_apstvmxfh`/kyjVjhpg~[kyjhfqª[fqr*£¸ir~Àmofqpsr¨º
dgi~]
kur
kut_t_opsku~]~[kyr§>a¹ua[r_akyjhfqª[a z mop6mo]_a°`*i_jqmxf z fq`&a[rw|fhpurMkyjV~ksw|as¥s¡]_a[xa°mx]a©£¸i_rM~ÀmxfhpurMkyj
If1
]kswmxp
§Maps§Iµgfhpuiwxjh{/xa[t_jhks~a z §g{
Ifd (ψ) =
∫
Rd
E
(
f2(Xt)
d∏
i=1
[
ψi(X̃
i
s − α̃i) +
(H − Ψi)(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
]2)
dα̃.
\]_armx]a¹£¸pujhjqpn¡fhr_}xaWw|i_jqm]_puj z w[½
  Ì¾Ì ¬ Ì 0   4! !#	
 Ld = {ψ : Rd → [0,+∞) ; ψ(x) = ∏di=1 ψi(xi),  < ψi ∈ L1,  (
i}  !1%
inf
ψ∈Ld
Ifd (ψ) = I
f
d (ψ
∗)
 %? ψ∗(ξ) = ∏dj=1 ψ∗j (ξj)  ξ = (ξ1, . . . , ξd) ∈ Rd   	!	 ψ∗j (ξj) = λ
∗
j
2 e
−λ∗j |ξj |  ξj ∈ R " λ∗j =
λ∗j [f ]  (3$ !1% .	.   	
F$(3$!+   .K	" 754!#%$ 
λ∗j
2 =
E
(
f2(Xt)
[ ∆W js,t
σjjs(t− s)X̃js
]2 ∏
i : i6=j
[
λ∗i
2 +
( ∆W is,t
σiis(t− s)X̃ is
)2])
E
(
f2(Xt)
∏
i : i6=j
[
λ∗i
2 +
( ∆W is,t
σiis(t− s)X̃ is
)2]) , j = 1, . . . , d.
: ;=<< >A@   fhow|m[¥I¡a4~[kyr/wokN{mx]Mknm
Ifd (ψ) = I
f
d (ψ1, . . . , ψd)
¥s¡fqmx]
ψ1, . . . , ψd ∈ L1
º a4¡fqjhj_mo]_ar~pu`&t_ivmoa
mx]_a z aofhµNkymxfhµua
fqrKmx]_a z fhxaW~Àmofqpsr
(ψ̂1, 0, . . . , 0)
¥¡]_a[xa
ψ̂1 = ψ̂1(x1)
flw}wxpu`&akyo§_f¿mookux{¼£¸i_r~mxfhpur¨¥§g{
xa z i~fhr_}mx]a~pu`&t_i_moknmofqpsr¢mop}mx]_apsr_a· z fh`}a[rwxfqpsrkyjV~ksw|as¥vkuwfhr¾xpstMpIw|fqmxfhpur I º ® º   ps4k6ga z
f
¥vjqam4iw
t_ivm
f̃t(y) ≡ f̃(y) = f ◦ Ft(y)
¥
y ∈ Rd+
kyr z
Ft
§>afhr_ z ar_a z fhrÆ« ® I±Àº¾dgam|mofqr_
f̃21 (x1) =
∫
Rd−1
dα̃2 . . . dα̃dE
(
f̃2(x1, X̃
2
t , . . . , X̃
d
t )
d∏
i=2
[
ψi(X̃
i
s − α̃i) +
(H − Ψi)(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
]2)
é2é ÔM=N<AN
s  .	.K( ,-?.	.8	"L!#!+
mo]_ar
Ifd (ψ) =
∫
R
dα̃1 E
(
f̃21 (X̃
1
t )
[
ψ1(X̃
1
s − α̃1) +
(H − Ψ1)(X̃1s − α̃1)
σ11s(t− s)X̃1s
∆W 1s,t
]2)
= If11 (ψ1).
D{a[`&t_jqpn{gfhr_}mx]_apsr_a z fh`}a[rwxfqpsrkyjVoa[wxi_jqmow[¥v¡a¹uam
∂Ifd (ψ)
∂ψ̂1
(ψ̂1, 0, . . . , 0) =
∂If11 (ψ1)
∂ψ̂1
(ψ̂1)
= −2
∫
R
dβ Ψ̂1(β) E
(
f̃21 (X̃
1
t )
(
ψ′1(β) + (H − Ψ1)(β)
[ ∆W 1s,t
σ11s(t− s)X̃1s
]2))
,
¡]aoa
Ψ̂1(y) =
∫ y
−∞ ψ̂1(ξ) dξ
º  ¼awxpujhµua°mx]aa[ÃIiknmofqpsr
∂Ifd (ψ)
∂ψ̂1
(ψ̂1, 0, . . . , 0) = 0,
£¸pu°kyrg{
ψ̂1 :
wxfhr~a
ψ̂1
fhw©kyo§_f¿mookux{s¥
Ψ̂1
flwkyjlwxp&kux§f¿mookux{s¥Iwxp}mx]kymmx]_aku§Mpnµsa°aWÃsiMknmxfhpurufhµuaWw
E
(
f̃21 (X̃
1
t )
(
ψ′1(β) + (H − Ψ1)(β)
[ ∆W 1s,t
σ11s(t− s)X̃1s
]2))
= 0,
£¸pu4kurg{
β.
\]fhw©ufhµua[woflw|a¹mop¢kyrÂps z fhrkux{ z fKBXaoarImxflkyj2a[ÃIiknmofqpsr:¡]_fh~]Â]Mkuw§>aa[r´wmoi z fha z fhr:mx]_a6t_xpgpu£pu£¾xpstMpu·
wxfqmxfhpur I º ® ½mx]_awxpujhivmofqpsr
flwmx]ar
ψ∗1(β) =
λ∗1
2
e−λ
∗
1 |β|, β ∈ R,
¡fqmx]
λ∗1
2 = λ∗1(f1)
2 =
E
(
f̃21 (X̃
1
t )
[
∆W 1s,t
σ11s(t−s) eX1s
]2)
E
(
f̃21 (X̃
1
t )
)
=
∫
Rd−1
dα̃2 . . . dα̃dE
(
f2(Xt)
[
∆W 1s,t
σ11s(t−s) eX1s
]2 ∏d
i=2
[
ψi(X̃
i
s − α̃i) +
(H−Ψi)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
∫
Rd−1
dα̃2 . . . dα̃dE
(
f2(Xt)
∏d
i=2
[
ψi(X̃ is − α̃i) +
(H−Ψi)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
©pn¡¥¾wxfqr~a:aµua[x{Imo]_fqrflw}wx{g`&`}amxofh~u¥¾¡a
ps§vmokufqrZw|fh`&fqjlky&aWÃsiMknmxfhpurMw6£¸ps}mx]_a:oa`/kyfhr_fhr_~pgpu z fqrMknmxaWw
2, . . . , d
º 4pn¡¥fq£¡a´¡kyrIm
kujqj4mx]_aWw|a´aWÃIiknmofqpsrw/mop ]_puj z w|fh`6ij¿mkyr_a[puiwxjq{s¥¡a´ps§vmokufqrÄmo]_aÂ£¸psjqjhpn¡fqr
wx{vwmoa`:½
ψ∗j (β) =
λ∗j
2 e
−λ∗j |β|, β ∈ R,
λ∗j
2 =
∫
Rd−1
dα̃−j E
(
f2(Xt)
[
∆W js,t
σjjs(t−s) eXjs
]2 ∏
i : i6=j
[
ψ∗i (X̃
i
s − α̃i) +
(H−Ψ∗i )(
eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
∫
Rd−1
dα̃−j E
(
f2(Xt)
∏
i : i6=j
[
ψ∗i (X̃
i
s − α̃i) +
(H−Ψ∗
i
)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
¡]aoa¹mx]_a*r_pymknmxfhpur
dα̃−j
`}aWkyrw4mx]kym©pura]kuwmxpfhrImxasokymxa¡fqmx]´oa[wxt>a[~Àmmop¢kyjhj¨mo]_a6µnkuxflky§_jha[wa_~at_m
£¸ps
α̃j
ºLEÓmxa[`/kyfhrwr_pn¡Æmxp¹sfqµsak§>am|moaEoat_oa[wxarImknmxfhpur6py£mo]_a4ky§>pnµuafqrImoaukyjlw[º!\]_a[{6~kur6§>axa[¡xfqm|moar
fhrmx]_a¹£¸psjqjhpn¡fhr_}wxfh`}tjqa[£¸puo`½wxamxmxfhr_
Θs,t;i =
∆W is,t
σiis(t− s)X̃ is
,
ë¸îé¨ë²Ð
 	

	
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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9:	;<./4=.84$< > "?2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mx]_a[rpsr_a¹]kuwmop/]kyr z jqawxpu`&amo]_fhr_&jqfh³ua
∫
Rd−1
dα̃−j E
(
f2(Xt)π
2
s,t;j
∏
i : i6=j
[
ψ∗i (X̃
i
s − α̃i) + (H − Ψ∗i )(X̃ is − α̃i)Θs,t;i
]2)
= E
(
f2(Xt)π
2
s,t;j
∫
Rd−1
dα̃−j
∏
i : i6=j
[
ψ∗i (X̃
i
s − α̃i) + (H − Ψ∗i )(X̃ is − α̃i)Θs,t;i
]2)
,
¡f¿mo]
πs,t;j = Θs,t;j
pu
πs,t;j = 1
º©¦2am°iMw°~purwxf z amo]_a*fhrImxa[ukyj¨fhrwxf z a6mx]_a*avt>a[~Àmknmofqpsr¨½§I{:oa[~[kyjhjqfhr_
mx]kym
ψ∗i (ξ) = λ
∗
i e
−λ∗i |ξ|/2
¥gmx]_a[r
(H − Ψ∗i )(ξ) =
w|fhur
(ξ) e−λ
∗
i |ξ|/2
¥_wxp*mo]knm
∫
Rd−1
dα̃−j
[
ψ∗i (X̃
i
s − α̃i) + (H − Ψ∗i )(X̃ is − α̃i)Θs,t;i
]2
=
∏
i : i6=j
∫
R
dα̃i
1
4
e−2λ
∗
i |
eXis−eαi|
[
λ∗i +
wxfhur
(X̃ is − α̃i) Θs,t;i
]2
=
∏
i : i6=j
1
4λ∗i
[λ∗i
2 + Θ2s,t;i]
D{¢fqrwxaxmxfhr_&aµsao{Imx]_fhr_¥vpsr_a¹pu§vmkyfhrw
∫
Rd−1
dα̃−j E
(
f2(Xt)π
2
s,t;j
∏
i : i6=j
[
ψ∗i (X̃
i
s − α̃i) + (H − Ψ∗i )(X̃ is − α̃i)Θs,t;i
]2)
= E
(
f2(Xt)π
2
s,t;j
∏
i : i6=j
1
4λ∗i
[λ∗i
2 + Θ2s,t;i]
)
kyr z mx]a¹w|mokymxa[`}a[rIm4fq`&`&a z flknmoajh{£¸psjqjhpn¡4wº
2
¢È 	 v  0    
` = 0
 $     
  ! 	. $    f = 1 !1% ?$# %"	
 < "!#	. 9.K4$  !	' ?!+$
λj
?0
	9 &(  ?<.	. !1%!
x1, . . . , xd
<!1%$! ! 	
4=">.K(	
 3$$!  "$ 
λ∗j [1] = x
−1
j e
−hjs+σ
2
jjs
√
t+ σ2jjs(t− s)
σ2jjs(t− s)
, j = 1, . . . , d.
"= $ $ 7	 <!+<%$754"   !1%  "4=!+!#%$  	      
EÓmfhw&¡puxmx]QmxpõtMpsfqrImpsivm&mx]kym¢w|fh`&fqjlky/kyoui`}a[rImow&~psi_j z §>aÂiw|a z fhrZpu z a}mxpõ]kur z jhamx]_aÂt_opu§jqa[`
py£4`&fqrfq`&fhªfhr_´mo]_a¢µnkyoflkyr~a~pu`&fhr_´psivm6£¸opu` mx]_a
avt>a[~ÀmknmofqpsrÆufhµIfhr_Âmo]_a¢pstMa[okymxps
R
ψ
s,t[f ](α)
kur z
R
ψ
s,t;k[f ](α)
«¬wxaa« 
 ±kyr z «<ys±x±Àº\!p}mx]_flwt_i_ot>pswxau¥vjham4iwoa[~[kyjhjXmx]kym
R
ψ
s,t;k = −E
(
f(Xt)
[
ψk(X̃
k
s − α̃k)Θs,t;k + (H − Ψk)(X̃ks − α̃k)Υs,t;k
]
πs,t;k((X̃s − α̃)−k)
)
,
¡]_aoa
Θs,t;k =
∆W ks,t
σkks(t− s)X̃ks
, Υs,t;k =
1
σkks(t− s)(X̃ks )2
( (∆W ks,t)2
σkks(t− s)
+ ∆W ks,t −
t
σkk
) «¬ss±
kyr z
πs,t;k((X̃s − α̃)−k) =
d∏
i=1,i6=k
(
ψi(X̃
i
s − α̃i) +
H(X̃ is − α̃i) − Ψi(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
)
é2é ÔM=N<AN
I  .	.K( ,-?.	.8	"L!#!+
¡]aoau¥_£¸ps
β ∈ Rd ¥Mmx]ar_pymknmofqpsr β−k `&aWkyrwmo]_a6µsa[~mxpupsr Rd−1 ]MkNµIfhr_&mo]_a*woky`&a~pgps z fhrkymxa[w4py£ βa_~at_m4£¸pumo]_a
k  
 psr_auºEôr:mx]apur_a z fq`&a[rw|fhpurMkyj2~[kuwxau¥_psr_a6wxfq`&t_jh{¢]kswmop z xpstmx]_a6wxi_§wo~ofhtvm
k
¥_mky³sa
α̃ = α
kur z wxam
πs,t;k(α̃−k) ≡ 1
º\]IiMw¥vfq£¡aw|am
Jf ;kd (ψ) =
∫
Rd
E
(
f2(Xt)
[
ψk(X̃
k
s − α̃k)Θs,t;k + (H − Ψk)(X̃ks − α̃k)Υs,t;k
]2
π2s,t;k((X̃s − α̃)−k)
)
dα̃
mo]_armo]_a¹£¸pujhjqpn¡fhr_}xaWw|ij¿m]_psj z w[½
  Ì¾Ì ¬ Ì 010 4 !#! 	
 Ld = {ψ : Rd → [0,+∞) ; ψ(x) = ∏di=1 ψi(xi),  ? ψi ∈ L1,  (
i}  !1%
inf
ψ∈Ld
Jf ;kd (ψ) = J
f ;k
d (ψ
∗;k)
 < ψ∗;k(ξ) = ∏dj=1 ψ∗j;k(ξj)  ξ = (ξ1, . . . , ξd) ∈ Rd   	!1 ψ∗j;k(ξj) = µ
∗
j;k
2 e
−µ∗j;k |ξj |  ξj ∈ R "
µ∗j;k = µ
∗
j;k[f ]  ?0
	93 &( 
  	7!1%  	%$.G<$ 
k = j = 1
  03$ 
µ∗ = µ∗[f ] =


E
(
f2(Xt) Υ
2
s,t
)
E
(
f2(Xt) Θ2s,t
)


1/2
 %? Υs,t " Θs,t ? 3$ 	  /8  
	  	 !1%6 4=.8!#	%$."$   (   k = 1, . . . , d  !	 µ∗j;k   $$.893!1%" .8	"'$(3$!+ 3$
j = 1, . . . , d 
(µ∗k;k)
2 =
E
(
f2(Xt) Υ
2
s,t;k
∏d
i=1,i6=k
[
(µ∗i;k)
2 + Θ2s,t;j
])
E
(
f2(Xt) Θ2s,t;i
∏d
i=1,i6=k
[
(µ∗i;k)
2 + Θ2s,t;i
])   j 6= k :
(µ∗j;k)
2 =
E
(
f2(Xt)
(
(µ∗k;k)
2Θ2s,t;k + Υ
2
s,t;k
)
Θ2s,t;j
∏d
i=1,i6=j,k
[
(µ∗i;k)
2 + Θ2s,t;i
])
E
(
f2(Xt)
(
(µ∗k;k)
2Θ2s,t;k + Υ
2
s,t;k
) ∏d
i=1,i6=j,k
[
(µ∗i;k)
2 + Θ2s,t;i
])
 %? Υs,t;k  Θs,t;k < >5"	  /8  
Eôrmx]_a}t_opgpy£¥>mx]_a/woky`&amoa[~]_rfhÃIi_a&kuw°fqrmx]_a}t_opgpy£¾oput>pswxfqmxfhpur I º ® kyr z I º flw©iwxa z º6dgfqrM~a}f¿m¹fhw¹kujhwxp
ÃIi_fqmxa¹moa z fhpuiMw¥vfqm4fhwt>psw|mxt>pura z mxp&mo]_a4t_t>ar z f¿Vº
©rg{I¡kN{u¥2£¸putoks~Àmxfl~kujt_i_ot>pswxa[w[¥!rgi_`&aofl~kyj¾aµgf z ar~a[wwx]_pn¡ mx]kymmx]_a~]_pufl~a
λ∗ = 1/
√
t− s ¡puo³vwspgp z ar_psi_u]«²mo]IiMwEkNµupuf z fhr_°mxp¡a[fqs]smmo]_akyjhupuofqmx]_` ¡fqmx]*mx]_a~pu`&t_ivmknmxfhpur}py£M£¸i_xmx]_a[avtMaW~Àmokymxfhpurw±Àº
  fhrkyjhjh{u¥jhamiw©~pur~jqi z a¡fqmx]k/wx]_puxm°~purwxf z aknmxfhpur2º   pu©wxfq`&t_jhfl~fqm{u¥>jqam°iw°~purMw|f z a4mx]_apsr_a z fh`&arv·
wxfhpurkuj2~ksw|asº\]a6`/kyfhrÂt_opu§_jha` fhw°k/upgp z a[w|mxfh`/knmoapy£
E(Φ(Xt) |Xs = α)
¥>¡]_fl~]~kurÂ§Ma¡ofqm|mxa[rkuw
mo]_aknmxfhp}§Mam¡a[ar
T
ψ
s,t[Φ](α)
kyr z
T
ψ
s,t[1](α)
§_ivmkyjlw|p}fqrmo]_a¹£¸pujhjqpn¡fhr_}¡kN{X½
E(Φ(Xt) |Xs = α) = E
(
Φ(Xt)
πψs,t
E(πψs,t)
)
, πψs,t = ψ(Xs − α) +
H(Xs − α) − Ψ(Xs − α)
σs(t− s)Xs
∆Ws,t
«¬pur_a~psi_j z kyjlw|p~pu`&t_jhfh~[knmoamx]fqr_Iw6§g{Æ~psrwxf z a[xfhr_Âm¡p z fKBXaoarIm*jhpv~kujqfhªfhr_´£¸ir~Àmofqpsrw6fhr mo]_a:ky§>pnµua
knmofqpMºqºhºÙ±Àºdvp¥Mkur_pymo]_a©xaWkuwxpurku§_jqa¹¡kN{/mxp¢t_xpv~aa z `&fhu]Immoku³uafhrsmop¢ku~[~psi_rImmx]_aµnkuxflkyr~a~pu`&fhr_/pui_m
£¸opu` mx]a¡a[fqs]Im
πψs,t
º*Divm*wxfhr~afqm6flw¡of¿mxmxa[r fqrõmoao`/wpy£4kÂknmofqpM¥!kymmx]_flw}wmkyua/fqm z pIaWwr_pum*w|a[a`
oa[ksw|psrky§jq{}£¸a[ksw|fh§_jhamxp/pu§_mokyfhrxaWw|i_jqmowsfqµgfhr_}mx]_akswxwxpv~flknmoa z pstvmxfh`/kyjVjhpv~kyjhfhªfhr_}£¸i_r~Àmofqpsr
ψ
º
ë¸îé¨ë²Ð
 	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n7 !
 	Ä6 
 !"
 ¼a´sfqµsa:]_aoaow|m¢k z amokyfhjha z t_oa[wxarImokymxfhpurZpy£mx]_a´iMw|aÂpu£°mo]_aÂxa[t_oa[wxarImokymxfhpur £¸psx`*i_jlkuw&fhrÄmx]_a´kutv·
t_jqfha z ~psrsmoagm¹py£mo]_a*txfl~fhr_:kyr z ]a z sfqr_py£4`&aofh~[kyr´pstvmxfhpurMwº6dgaW~psr z jh{u¥X¡a&wxi_`&`&kuxfhªa6mx]_a}t_ofh~·
fqr_N]_a z ufhr_&kyjhupsxfqmx]_`:º
 !    / 	'   +  
$, , 
\]_akyjhupuofqmx]_`$flw z aµspymxa z mop6mo]_argi_`&aofh~[kyjXaµnkujqikymxfhpur
py£¨mo]_at_ofh~a
P (0, x)
kur z mx]_a z a[j¿mk
∆(0, x)
py£
kyr©`}a[xfl~kur´put_mxfhpur´¡fqmx]¼tkN{upB£¸i_r~mxfhpur
Φ
kyr z `/kymxi_of¿m{
T
¥>puri_r z a[xjh{gfqr_
kuwow|amow°¡]_pswxat_ofh~a
Xaµupsjqµsa[w£¸psjqjhpn¡fhr_/mx]a Djhks~³I·ôdv~]pujha[w`&p z aj<¥>mx]kym°flw°ksw4fhrQ« ® bI±ÀºEÓm]ksw4§>aa[r´§_ofqaH{ z a[wo~ofq§>a z fhrÂmo]_a
Eôrsmoxp z iM~Àmxfhpur2¥vjqam4iwr_pn¡ up}fqrImxp&mo]_a z amokyfhjlwº
¦¨am
0 = t0 < t1 < . . . < tn = T
§>a©k z fhwo~oamofqªWknmofqpsr*pu£Mmo]_amxfh`&afqrImxa[xµnkuj
[0, T ]
¥y¡fqmx]/wmoat/wxfqª[aaWÃIikyjvmop
ε = T/n
º D{
iw|fhr_/\]_a[puoa` _º ® kur z ¾xpstMpIw|fqmxfhpur´vºÙv¥gmo]_at_ofh~a
P (0, x)
flw4kytt_xpNvfh`/knmxa z §g{¢`&aWkyrw
py£
P̄0(x)
¥¡]_a[xa
P̄kε(Xkε)
¥Mkuw
k = 0, 1, . . . , n
¥vfhw4f¿moaknmxfhµua[jq{ z ar_a z kuw[½
P̄nε(Xnε) = Φ(Xnε) ≡ Φ(XT )
k = n− 1, . . . , 1, 0 : P̄kε(Xkε) = max
{
Φ(Xkε) , e
−rε E
(
P̄(k+1)ε(X(k+1)ε)
∣∣∣Xkε
)} «¬ ® ±
kyr z mx]a z ajqmok
∆(0, x)
flw4kytt_xpNvfh`/knmxa z §g{iwxfhr_}mx]_a¹£¸psjqjhpn¡fqr*t_jlkyr2½
w|am|mxfhr_
∆̄(Xε) =



∂α Φ(α)
∣∣∣
α=Xε
fq£
P̄ε(Xε) < Φ(Xε)
e−rε ∂α E
(
P̄2ε(X2ε)
∣∣∣Xε = α
)∣∣∣
α=Xε
fq£
P̄ε(Xε) > Φ(Xε)
mx]_a[r
∆̄0(x) = Ex
(
∆̄(Xε)
)
.
«¬Iu±
\]_a¼~pur z fqmxfhpurMkyjavtMaW~Àmknmxfhpur
E(P̄(k+1)ε(X(k+1)ε) |Xkε)
kyr z mo]_a z aofqµnkymxfhµua
∂α E(P̄2ε(X2ε) |Xε =
α)|α=Xε
¡fhjqj§Ma~pu`&t_i_mxa z mo]_xpsi_u]}mo]_a£¸puo`6ijhkswEufhµua[r}fhr&mx]a4t_oaµgfqpsiwEwxa[~Àmofqpsr¨¥u§g{}`&a[kyrMwEpy£¨wxi_f¿mky§_jha
a`&t_fhxfl~kujV`}aWkyrwa[µnkyjhiknmoa z pnµua
N
w|fh`6ijhkymxa z tkymx]w[º
¢È 	 v  2    !1%  !  >!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tk = kε
 4  	 !1 $0 !#4=./F3$  F>*!0"7 < > "? 	!#
X̄kε
 
Xkε   !	=4$    	!  	?! .8( Xkε   4=!1%?  	!- $  !	F< 	
!1%!-!	 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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  $ !+ 4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q′=1
f(Xq
′
2ε)
d∏
i=1
H(X̃ i,q
′
ε − X̃ i,qε )
σiiε2 X̃
i,q′
ε
∆W i,q
′
1
Rs,t;m[f ](X
q
ε ) = −
1
N
N∑
q′=1
f(Xq
′
2ε)
H(X̃m,q
′
ε − X̃m,qε )
σmms(t− s)(X̃m,q
′
ε )2
[ (∆Wm,q
′
1 )
2
σmms(t− s)
+ ∆Wm,q
′
1 −
t
σmm
]
×
×
d∏
i=1,i6=m
H(X̃ i,q
′
ε − X̃ i,qε )
σiis(t− s)X̃ i,q
′
ε
∆W i,q
′
1
«¸b ® ±
\]fhw~pur~jqi z a[wmx]akyrkujq{vwxfhwpy£mx]at_xfl~fhr_N]_a z ufhr_&kyjhupuofqmx]_`:º
¦2amEiwt>pufhrsmEpsivm!mo]knmW¥n£¸pumo]_awxku³uapy£Mwxfq`&t_jhfl~fqm{u¥yfhr6mo]_aky§>pnµua z a[wo~ofqt_mxfhpur6¡a]kNµuamoku³uar*fqrImopks~~psi_rIm
mo]_a/r_psrjhpv~kujqfhªa z £¸psx`*i_jhkswºEôrõt_ku~mxfl~as¥2fqmfhw`*i~]§Mam|mxa[mopÂiw|a&jhpv~kyjhfhªfhr_£¸i_r~Àmofqpsrwfhrõpu z amop
oa z i~amo]_aµNkuxflkyrM~au¥Iw|p6pur_aw|]_psi_j z iw|a©mx]_a©£¸puo`6i_jlkuw~ps`}fhr_£¸opu`$\]_a[puoa` bº _º»°§gµIfhpuiMw|jh{u¥sr_pymo]_fqr
ë¸îé¨ë²Ð
 	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~]kyr_sa[w¹av~atvm£¸psmx]a¢~]_pufl~a&pu£mo]_ajhpg~[kyjhfqª[fqr
£¸ir~Àmofqpsrw¥!£¸pu6¡]_fh~]õ¡a/xa£¸amop:mx]_a z fhwo~iMwxwxfqpsr¼fhr
dga[~mxfhpur I º
  fhrkujqjh{u¥_jhamiw4pu§wxaoµua©mx]kym4pur_a~psi_j z iwxak*£¸i_xmx]_a[mxa[~]r_fhÃIi_akujqjhpn¡fhr_mop/xa z i~amo]_aµnkyofhkur~as½2mo]_a
fqrImxop z i~mxfhpurpu£k~purImoxpsj2µnkyofhku§_jhauº 4r_£¸puxmxi_rkymxa[jq{s¥Xmx]_a[xa}fhwr_pum¹kw|mokyr z ky z ¡kN{¢mop
t_opv~a[a z fhr´mo]_flw
z fqoa[~mxfhpur¨º   pu¹a_ku`}tjqas¥>psr_a&~puij z iw|a&kuwk~purImoxpsj2µnkyofhku§_jhamx]a}txfl~a}py£mo]_a&kuwow|pv~flknmoa z ¾i_xpstMaWkyr
putvmofqpsr¨ºE\]_a¹f z aWk6flwmx]a°£¸psjqjhpn¡fhr_º   psk_va z fhr_fqmxflkyjXmxfh`&a
t
kyr z i_r z aojq{gfhr_}kswxwxamt_ofh~a
x
¥_jhamiwwxam
P    (t, x) kyr z P  (t, x) kuwmo]_a/t_ofh~a}pu£kur©`&aofh~[kyrÆkyr z i_oput>a[kur¼pstvmxfhpurõoa[wxtMaW~Àmofqµsajh{u¥¨¡fqmx]mx]awxku`}a¹tkN{spB
Φ
kyr z `/knmxixfqm{
T
º  a z aMr_a
P (t, x) = P    (t, x) − P  (t, x).
\]_ar:fqm4fhwaWkuwx{/mxp/wxaa¹mx]Mknm
P (t,Xt) = sup
θ∈Tt,T
E
(
e−r(θ−t)Φ̂(θ,Xθ)
∣∣∣Ft
)
¡]_aoa Tt,T wmkyr z w£¸psmx]_awxam4pu£kujqjVmo]_aw|mxputt_fqr*mofq`&aWwmoky³gfhr_&µnkyjhi_a[wpsr [t, T ] kyr z Φ̂ flw z ar_a z §g{
Φ̂(t, x) = Φ(x) − P  (t, x)
«¸r_pumxfl~a°mx]_apu§w|moks~jha
Φ̂(t, x)
fhwr_pn¡ z a[tMa[r z a[rsmpsr/mx]_a°mxfh`&a°µnkuxflky§_jha°kujhwxp¥Ikyr z fhwwxi~]mo]knm
Φ̂(T, x) =
0
±ÀºE\]giw[¥g£¸pumx]_a¹rgi_`&aofl~kyj>µnkyjhiknmofqpsrpy£
P (0, x)
¥vpsr_a~[kyrw|ami_tk z {IrMky`&fh~°t_opusoku`}`&fhr_t_ofhr~fht_jha
fqr:t>pufhrsm4pu£2£¬ks~Àm4f z arImxfl~kujXmxp}mx]apur_a¹t_oaµgfhpuiwxjq{ z a[wo~ofq§>a z ¥vt_xpnµgf z a z mx]kymmx]_aps§w|moku~jqa
Φ
fhwoat_jlku~a z
§I{´mx]_a/r_a[¡-ps§wmku~jqa
Φ̂(t, x)
º
»°r~a6mo]_a/a[w|mxfh`/knmoa z t_ofl~a 
P̄0(x)
kyr z  z ajqmok 
∆̄0(x)
kyoa}~pu`&t_ivmoa z ¥
mx]_akut_t_opNgfh`/knmofqpsr¢py£!mx]_atxfl~akyr zz ajqmok}py£mx]_a©`&aofh~[kyrputvmofqpsr
flwmx]_a[r:ufhµuar§g{
P̄   0 (x) = P̄0(x) + P  (0, x) kyr z ∆̄   0 (x) = ∆̄0(x) + ∆  (0, x)
xaWw|t>a[~mxfhµuajh{uº 4pumxfl~amo]knm¾mx]_a4ra¡Äpu§w|moks~jha]kuwEmxp§>a©aµnkujqikymxa z kym¾a[ks~]}mxfh`}a°wmoat¨½fqr/ps z aEmopw|am¾i_t
mx]_flwt_opusoku`¥gfqm°wx]_pui_j z §Mat>pswowxfq§_jhamxp~pu`&t_ivmoa¹mx]_at_ofl~a  z ajqmok}pu£kur ¾i_xpstMaWkyrputvmofqpsr:pur
Φ
º¾\]_flw
]kyt_t>arMw4£¸pswxpu`&a*~[kyjhj!ps©t_i_mpstvmxfhpurw[¥M£¸pu¡]_fh~]t_xfl~aWw°kur z´z a[j¿mkuwkyoa³gr_pn¡r´fhr~jhpswxa z £¸puo`º0Divm
pur_a6~pui_j z mx]fqr_³:kyjlwxp&mxpt_opv~a[a z §g{wxfq`*i_jlknmxfhpur£¸ps4mx]afh°~ps`&t_ivmokymxfhpur¨¥M§g{
iwxfhr_&mx]_a6£¸puo`6i_jlkuwsfqµsar
fqrÂ\]_a[puoa`7º ® kyr z \]_a[puoa`$bMº _º
   &,   	' 
 ,&	 
 +  A
\]_akyjhupuofqmx]_`fqmowxajq£>~kur*§>awmknmoa z ksw!£¸pujhjqpn¡4w[º  axa£¸a]_aoamxpmx]_awxfq`&t_jha[w|mE~kuwxau½2¡a z pr_pym~purwxf z a
jqpv~kujqfhªfhr_}£¸i_r~mxfhpurw6«¸§_ivm4¡a¹i_r z a[xjhfhr_afqr£¸pgpymor_pymoa¹¡]_aoamx]_a[{
wx]_pui_j z §MaN±kyr z ~psrImxopujXµnkyofhku§_jqaWwº
 dgam4mx]a z f/B>iMw|fhpur´kur z putvmofqpsr:tkyky`&amoaw½mx]_a z fq`&a[rw|fhpur d ¥Mmx]_a6w|moku|mofqr_/t>pufhrIm x ¥>mo]_afhrsmoaoa[w|mknmoa
r
kur z mx]_a z fqµgf z ar z w
ηi
¥_mo]_aµspujlknmxfhjhf¿m{
`&kymxof¿
σ
kyr z mo]_a6kyi_gfhjhfhkux{
`&kymxofh~a[w
σ̃
kur z
σ̂
¥_mo]_a
`/knmoi_of¿m{
T
¥gmx]_a¹tkN{spB
Φ
kur z f¿mwwm z a[xfhµnknmofqµsa[w
∂jΦ
¥
j = 1, . . . d
º
 Ï]_pgpIw|a n kur z w|am ε = T/n º
    
 xp z iM~a U qn ∼ N(0, I) ¥ q = 1, . . . , N º ©wxfqr_´«Aybg±À¥_~ps`&t_ivmxa W qnε ¥ q = 1, . . . , N º ©wxfqr_´«A I ±À¥_~ps`&t_ivmxa Xqnε ¥ q = 1, . . . , N º Eôr_f¿mofhkujqfhª[kymxfhpur¨½wxam un(Xqnε) = Φ(Xqnε) º
é2é ÔM=N<AN
s  .	.K( ,-?.	.8	"L!#!+
         ÓÌ   ¨Ê     
 ¾xp z i~a U qk ∼ N(0, I) ¥ q = 1, . . . , N º °w|fhr_Â«¬ubI±¥~ps`}tivmxa W qkε ¥ q = 1, . . . , N º °w|fhr_Â«¬ I ±¥~ps`}tivmxa Xqkε ¥ q = 1, . . . , N º °p&mx]a°£¸psjqjhpn¡fhr_nº
 Ï]pIpIw|a `qk
¥
q = 1, . . . , N
º   pua_ky`&t_jhau½
  Ì ¬ È  ½
`qk = 0

  Ì ¬ È  ½
`qk = `
∗(Xqkε)
kuwfhrõ«¬bº bI±«¸¡fqmx]
α = Xqkε
kyr z
s = kε
±À½
`1,qk = 0
kur z £¸ps
i = 2, . . . , d
½
`i,qk =
i−1∑
j=1
σ̂ij
(
hj −
1
kε
ln
Xj,qkε
xj
)
.
 °w|fhr_´«A 
 ±¥_~ps`}tivmxa X̃qkε
¥
q = 1, . . . , N
º
 °w|fhr_Â«¬ss±¥~ps`}tivmxa ∆W qk ¥ q = 1, . . . , N º °w|fhr_Â«¬  s±y¥~pu`&t_ivmoa Pk[uk+1](Xqkε) ¥ q = 1, . . . , N º Ïps`&t_ivmxa¹£¸ps4kyrg{ q = 1, . . . , N ¥
uk(X
q
kε) = max
(
Φ(Xqkε), e
−rε Pk[uk+1](Xqkε)
)
 EÓ£    mx]_a[rÂk z_z mx]a¹£¸pujhjqpn¡fhr_
	yº
 °w|fhr_´«¬b ® ±kyr z «¸bIs±À¥M~pu`&t_i_mxa Hj [u2](Xqε )
¥
j = 1, . . . , d
¥
q = 1, . . . , N
º
 Ïps`&t_ivmxa¹£¸ps4kyrg{ j = 1, . . . , d kyr z q = 1, . . . , N ¥
v1;j(X
q
ε ) = ∂jΦ(X
q
ε ) ! {u1(Xqε )<Φ(Xqε )} + e−rεHj [u2](Xqε ) ! {u1(Xqε )>Φ(Xqε )}.
¢È 	 v    pu
q = 1, . . . , N
¥
U qk+1
¥
W q(k+1)ε
¥
Xq(k+1)ε
¥
`qk
¥
X̃qkε
¥
∆W qk
kyr z
uk+1(X
q
kε)
¥v¡fhjqj>r_pum
§Maa[`&t_jqpn{sa z kyrg{g`&puoauº
       ½
 Ïps`&t_ivmxa
P0[u1](x) =
1
N
N∑
q=1
u1(X
q
ε ).
kur z w|am
u0(x) = max
(
Φ(x), e−rε P0[u1](x)
)
,
¡]fh~]
rkujqjh{
kut_t_opNgfh`/knmoa[w¾mx]_at_ofl~a
P (0, x)
º
 Ïps`&t_ivmxa¹£¸ps4kyrg{ j = 1, . . . , d
v0;j(x) =
1
N
N∑
q=1
v1;j(X
q
ε ),
¡]fh~]
rkujqjh{
kut_t_opNgfh`/knmoa[w¾mx]_a
j  
 ~ps`&tMpsr_arImpy£!mx]_a z a[j¿mk&µuaW~Àmxps
∆(0, x)
º
 # âNãÙÞ¨ÞAÝAØäãÙÞ¨ÚNØ&ÕÝAØ|Ú¹ÝAÕÝAâNØEÜñW× Ý<ãÙÚNãÙÜØÔNÞAãÙÕÀÔnå×uÑxåÞAØMá¬ØÑ|å×Ù×gÝ<ânåoÝ
eX ≡ X
ãÙÔ©Ý<âWØEÕÀÔNØÚNãÙÜØÔNÞ<ãÙÕÀÔnå×uÑ|åÞ<ØÀß
 á6.ná¬ÞAÝ°ÑÓâNÕÕÀÞ<ØÝAâNØ×ÙÕ[Ñ|å×Ùã 0ãÙÔNÛÿ  äNá¬Õ*nå*NãÙ×Ùã Ý²æ:ÚWØ|ÔWÞ<ã Ý²æ1"4÷qñNÔNÑôÝ<ãÙÕÀÔWÞ
ψi  i = 1, . . . , d
ð!Ñ|ÕÀÜäWñWÝ<Ø¹ÝAâNØ
Ψi
R Þ°åÞ4Ý<âNØ
åÞ<Þ<ÕÑã åoÝ<ØÚ¢äNá¬Õ*nå*NãÙ×Ùã Ý²æ¢ÚNãÙÞAÝAá¬ã *NñWÝAãÙÕÀÔ¢÷qñNÔNÑôÝAãÙÕÀÔNÞ4åÔNÚ
åo÷qÝAØá©ñWÞ<Ø°ÝAâNØ¹×ÙÕÑ|å×Ùã 0Ø|Ú)&ØáAÞAãÙÕÀÔ
Õ÷ÿ7;"Óð¨ÑÕÀÜãÙÔNÛ6÷qá¬ÕÀÜ-äNåá¬Ý
i)
Õ÷
# âWØ|ÕÀá¬ØÜ N ß <©ÿqÕÀá # âWØ|ÕÀá¬ØÜ 7Wß 7ã ÷
d = 1
"Óß
 # âNãÙÞ¨ÞAÝAØäãÙÞ¨ÚNØ&ÕÝAØ|Ú¹ÝAÕÝAâNØEÑÕÀÜäNñWÝ<åoÝ<ãÙÕÀÔÕ÷vÝ<âNØÚNØ× Ý<åWß
  á .ná¬ÞAÝ°ÑÓâNÕÕÀÞ<Ø6Ý<âNØ×ÙÕÑ|å×Ùã 0|ãÙÔWÛ:ÿ  äNá¬Õ*nå*NãÙ×Ùã Ý²æ:ÚNØÔNÞ<ã Ý²æ1"4÷qñNÔNÑôÝAãÙÕÀÔNÞ
ψi
ð
i = 1, . . . , d
ðÑÕÀÜäNñWÝAØÝ<âNØ
Ψi
R ÞåÞ©Ý<âNØ
åÞ<Þ<ÕÑã åoÝ<ØÚäNá¬Õ*nå*NãÙ×Ùã Ý²æ/ÚWãÙÞAÝAáAã *Nñ[Ý<ãÙÕÀÔ&÷qñNÔNÑôÝAãÙÕÀÔNÞ4åÔNÚåo÷¿Ý<ØáñNÞAØ©ÝAâNØ©×ÙÕ[Ñ|å×Ùã 0ØÚ &Ø|á¬Þ<ãÙÕÀÔ/Õ÷ÿ N1:!"ÓðXÑÕÀÜãÙÔNÛ¹÷qá¬ÕÀÜ änåá¬Ý
ii)
Õ÷
# âWØ|ÕÀá¬ØÜ N ß <©ÿqÕÀá # âWØ|ÕÀá¬ØÜ 7Wß 7ã ÷
d = 1
"Óß
ë¸îé¨ë²Ð
 	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Eôrmx]fhwwxa[~Àmofqpsr¨¥Nmx]a´kujqjhflkNµIfhrv·ôÂpurImoaÏkyojqp©`}amx]_p z fhwrgi_`&aofh~[kyjhjq{¹fhjqjhiw|mxknmoa z psrmx]xa[amxaWwmt_opu§_jha`/w[º
 ¼aw|m¾wmoi z {*kpsr_a· z fh`}a[rwxfqpsrkyjvkyr z m¡p z fh`}a[rwxfqpsrkyj_©`}a[xfl~kur*tivm¾t_opu§_jha`-fqr&pu z a[!mopkuwow|aWwxw!mo]_a
rIi`}a[xfl~kuj_§>a]kNµgfhpupu£>mo]_a°kujqspuof¿mo]_`:º  amo]_arfhrgµuaWwmofqIknmxamo]_a4`&amo]_p z pujhpus{*§g{*t_xfl~fhr_6kur z ]_a z ufhr_
4`&aofh~[kyrt_ivm4pstvmxfhpurwpsrmx]_asapu`&amxofh~°`&a[kyrpy£µsa¹w|mxpv~³vw[º
2    
	 È  Au  È¾È   	 È  [
 W  ÍvnÍ-	 È  ¬u  ! Ì  Ì    a/~psrw|f z a[¹kpsr_a· z fh`}a[rwxfqpsrkyjE4`&a[xfl~kurt_ivmpstvmxfhpur¡fqmx]
tkN{upB
Φ(x) = (K − x)+
¥©aga[o~fhwxa´t_ofl~a
K = 100
¥©µupujlknmofqjhfqm{
σ = 0.2
¥°`&kymxi_ofqm{
T = 1
{sa[ku[¥
fqrw|mokurImokyrapuiMw&fqrImxa[xaWwm/knmoa
r = ln(1.1)
kyr zÄz fhµgf z ar z {gfqa[j z knmoa
η = 0
º  ¼a:mky³ua´ksw}mx]_amxoi_a 
xa£¸aoar~a*t_ofl~a&kyr zz ajqmok¥Vmx]a}psr_a}fhwow|ia z py£mo]_aDfhr_ps`&kuj-Djlku~³d_~]_pujha[w¹fl~]ky z wxpur´agmxkyt>pujlknmxfhpur
mxoaa·Ó`&amo]_p z ­  y¯« D'Dd_·
P
kur z D'Ddv·
∆
fqrmx]_a}r_agm°moky§jqaWwo±4¡f¿mo]
1000
w|mxat2ºaWw|ij¿mw°kuxaoat>puxmxa z
£¸put_xps§_jha`/w¡fqmx]
n = 10, 20, 50
mxfh`}at>aofqp z w¾fqr\!ku§_jqa ® ¥I¡]_aoa
Nmc
fhw¾mx]a©rgi_`6§>apy£2´purImxaÏkyojqp
f¿moaknmxfhpurMwº
 2 Ì   È 	    	  	 Ì 
2
_W È W   aÂaµnkujqikymxaÂkyrÄ4`&a[xfl~kurQt_ivmpstvmxfhpurZpurKmx]aÂ`}fhr_fh`6i_`
py£¹m¡põi_r z aojq{gfhr_ kuwowxamow¡f¿mo]¶tkN{upB
Φ(x) = (K − min(x1, x2))+
º  ¼akswxwxi_`&amx]kymmx]a´fqrf¿mofhkuj
µNkujqia[w/pu£°mo]_a´wmopv~³ t_ofh~a[wkuxa
x1 = x2 = 100
¥mo]_aÂava~flwxatxfl~a:flw
K = 100
¥mo]_a´µspujlknmxfhjhf¿m{ flw
σ1 = σ2 = 0.2
kyr z mo]_a¢µnkujqi_a
py£mo]_a
~puoxa[jhkymxfhpurõfhw
ρ = 0
«²mx]fhw*`&a[kyrMwmo]knm*mx]_a
µupujlknmofqjhfqm{¼`/knmoxfq
σ
flw z flkyspurkujA½
σ = diag[σ1, σ2]
±À¥!mx]_a/fhrImxaoa[w|mokymxa&flw
r = ln(1.05)
¥2¡]fqjha}mx]_a¢~purImxfhrgi_puiMw z fqµgf z ar z
okymxa[w*kyoa
η1 = η2 = 0
º  ¼a¢moky³sa
kswmx]a mxoi_a oa£¸a[xa[r~atxfl~akyr z z ajqmokuw[¥mx]a¢pura¢flwxwxi_a z py£mx]a
 fhjqjhar_a[i_µua·Vkyr_am|mxa6r_fqmxa z f/B>a[xa[r~a&kyjhupsxfqmx]_` ­ yN¯4«  M·
P
kyr z  M·
∆
fqrmx]_a}r_agmmoku§_jqaWwo±©¡fqmx]
500mxfh`}a·Ówxtks~awmoatw[ºaWw|i_jqmowkuxa¹oat>puxmxa z £¸pst_xps§_jha`/w¡f¿mo]
n = 10, 20, 50
mofq`&at>aofqp z wfhrÂ\!ku§_jqa_º
 2 Ì   È>ÈgÌ 	 È [ A 	 È   Ì 
5
_W È W   ¼a~pu`&t_ivmoa}mx]_a©`}a[xfl~kur¼tivm6put_mxfhpurpur¼mx]_a&mo]_a
uaps`&amxofl~`&a[kur´py£
5
kuwow|amow©¡f¿mo]tkN{spB
Φ(x) = (K − (∏5i=1 xi)1/5)+
º  a}kswxwxi_`&amx]Mknmmx]_a}fqrf¿mofhkuj
µNkujqia[w¹py£mx]a&w|mxpv~³´txfl~aWwkyoa
x1 = . . . = x5 = 100
¥¨mx]_a/aga[o~fhwxa}t_xfl~a&flw
K = 100
¥Vmo]_a/µupsjhkymxfhjqfqm{
σ1 = . . . = σ5 = 0.2
kur z mx]_a/~puoxa[jhkymxfhpurw¹kyoa}rIijqj4«Akyskufqr2¥Vmx]_flw`&a[kurwmx]Mknm
σ = diag[σ1, . . . , σ5]
±¥
mx]_a}fqrImoaoa[w|m°knmxa6fhw
r = ln(1.1)
¥X¡]_fhjha6mo]_a}~purImxfhrgi_puiMw z fhµgf z a[r z knmoa[w°kyoa
η1 = . . . = η5 = 0
º  ¶f¿mo]
mx]_flw/tkN{spB¥mx]aw|fh`6ijhkymxfhpurZxaWw|i_jqmow/kuxa:§>ar~]`&kux³sa z ¡f¿mo]Zmx]_aÂpsr_a· z fh`}a[rwxfqpsrkyj4`&a[xfl~kur D'Ddv
mxoaa·Ó`&amo]_p z ­  n¯>¡fqmx]
1000
w|mxa[t¨ºEa[wxi_jqmowkyoa4oat>puxmxa z £¸ps¾t_opu§jqa[`&w¡fqmx]
n = 10, 20, 50
mofq`&atMa[xfhp z w
fqrÂ\ky§_jha_º
  v  È  Ì   È   ¬[  \]_amoky§jqaWw2oa£¸a[¨mxp°mx]a¾a_ku`}tjqaWw2t_oaµgfhpuiwxjh{°fhrImxop z i~a z º  ©aoau¥
P̄
kyr z
∆̄
z arpymxaWw
mx]_aÂkytt_xpNvfh`/knmxfhr_´txfl~akyr zKz ajqmokoa[wxtMaW~Àmxfhµua[jq{sº EôrZkurI{õagt>aofh`}a[rIm[¥Emo]_a:t_xfl~a
py£4mo]_aÂkuwow|pv~fhkymxa z
i_oput>ar/put_mxfhpur&]kuw§Ma[ar/iwxa z kuw¾k~purImoxpsjvµNkuxflky§jqasº!Âpsxa[pnµuaW¥ykyjlwxp°mo]_a4jhpv~kyjhfhª[knmofqpsr*]MkuwE§>aa[r&moky³sar
fqrImxpks~~pui_rIm[¥Mkuwk/¦2kut_jlku~a·Am{gt>a¹t_xps§ky§fqjhf¿m{ z arwxfqm{£¸i_r~mxfhpur «Aw|a[a6dga[~mxfhpur I ±º EôrÂpu z a[mxp/oajlknmo]_a
~pu`&t_i_moknmofqpsrkyj>avaW~ivmofqr_*mxfh`&au¥v¡a°]MkNµua°kujq¡kN{vwiwxa z mx]_a¹tkuoku`&amxa[¾pu£2mx]a°jhpv~kyjhfhªfhr_£¸i_rM~Àmxfhpura[ÃIikuj
mxp √
ε
¥§>afhr_
ε = T/n
¥E¡]_aoa
T
w|mokur z w6£¸pu*mx]_a`/knmoi_xfqm{ kyr z
n
flwmo]_a:rIi`6§>a}py£4mofq`&atMa[xfhp z wº
Ïpur~aor_fqr*mo]_a6kuivvfqjhfhkux{ z xfq£²m
`
¥M¡a]kNµsa~]_pswxar:§>pymx]
` = 0
kyr z
`
ufhµgfqr_
α
kuw4k}ga z tMpsfqrIm4£¸ps
G«¬wxaa*4a`/kyo³:bº &£¸pu z amkyfhjhw±Àº~mxikujqjh{u¥>mx]a*oa[wxi_jqmow©kuxa*r_pymfqr%Hi_arM~a z §g{
mo]_a*m¡p
tMpIwxwxfq§fqjhf¿mofqaWw½¡a
pu§vmkyfhr
oa[kujqjh{¢wxfq`&fhjhkupuivm~pu`&aWwº
  pu4mx]_awoky³sapu£~pu`&tkuxflw|psr
¡fqmx]Âpumx]_a[avflwmofqr_´purImxa*Ïkuxjhp&`}amx]_p z w[¥_fhr:mx]_a~[kuwxapy£mx]_a*wmkyr z ku z
4`&aofh~[kyr*t_ivm4«¬\ky§_jha ® ±!kyjlw|p©mx]_at_ofh~akur z6z ajqmok°t_xpnµgf z a z §g{¹mx]_a'DkyooksÃsiMkyr z kur z ´ku|mofqra[kyi ­ I ¯kyr z
¦¨pursw|mokB>·dv~]g¡ku|moª ­h® N¯kyjhupsxfqmx]_`/w	¹kyoaxa[tMps|moa z «¸t_ofl~a[w©kyr zÂz a[j¿mkuw4kuxa z ar_pumxa z ksw6D:·
P
¥ D:·
∆kyr z ¦!dg·
P
¥_¦dI·
∆
¥voa[wxtMaW~Àmofqµsajh{v±º
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\]arIi`}a[xfl~kujVµnkyjhi_a[w£¸psmx]at_ofh~akyr z:z a[j¿mk&fqr:mky§_jha[w ® ¥M&kyr z ¥wx]_pn¡ÅspIp z ku~[~ps z kur~a¡fqmx]:mx]a
mxoi_a ¢µNkujqia[w[º EÓm}flw}¡ps|mo]Qr_pumxfl~fhr_´mo]knm&mo]_fhw}]_psj z w6£¸ps/kr_pum}]fqs]Qrgi_`6§>a&pu£©§Mpumx]Kmxfh`&at>aofhp z w
« ® I±kyr z ´purImxaÏkuxjhpÂfqmxaknmofqpsrw« I u¥ ® uss±ÀºÂÂpsxa[pnµua[[¥V£¸opu` \ky§_jha¢Âpsr_a`/kN{ z a z i~amx]Mknm[¥Eksw
mo]_a z fq`&a[rw|fhpur
fqrM~oa[kuwxa[w[¥ymo]_a~psrIµsaoua[r~a«¬fqr¢mxao`/wpy£Vmx]argi_`*§Ma[pu£2fqmxaknmofqpsrw±Eflwwxjhpn¡a[¾¡]_a[rmx]a
rgi_`*§Ma[*pu£4mxfh`&a
t>aofhp z w6flw}]_fqs]¨ºÆ\]_flw}~pui_j z §>a:avt_jlkyfhr_a z fq£©psr_a¢³gr_a[¡$mx]_a
mx]apuoamofh~[kyjaoxps[¥£¸ps
¡]fh~]/knmEmo]_a`&pu`&arImEmo]_aoa4kyoar_pxaWw|ij¿mwº  4pn¡aµua[[¥Dpsi~]ky z kyr z \!pui_ª[fvfqr ­ N¯!«A\]_apsxa[` _º s±!]kNµsa
txpnµsa z mo]knmW¥2fhrk:wxfq`*i_jlknmxfhpurõwo~]_a`&a&µua[x{´wxfq`&fhjhku¹mxpmx]a/pur_a z a[µuajhput>a z ]_aoaÂ«¸fhrõtkyxmxfl~i_jlkyW¥¨iwxfhr_
jhpv~kujqfhªfhr_£¸ir~Àmofqpsrw¹¡]_fl~]ua[r_akyjhfhªamo]_a&pur_a*ufhµua[rfhr\]_a[puoa`_º bfqrmx]_a&pura z fh`&arwxfhpurkuj~[kuwxaW±¥
mo]_a©`/kygfh`6i` pu£¨kyjhjmo]_a
Lp
z flw|mokyrM~a[w¾§Mam¡a[ar/mo]_a4moxia°~psr z fqmxfhpurkujagt>a[~mokymxfhpurwkyr z mo]_a¹kuwow|pv~flknmoa z
oasxaWwxwxfhpur aWwmofq`/knmopuw&fhwpy£¹pu z a
ε−d/(4p)N−1/(2p)
kuw
ε → 0 «¬xaW~kyjhjmx]Mknm ε flw&mx]a z fhwo~oamofqªWknmofqpsrmofq`&a·Ów|mxa[t¨¥
N
flw¹mx]_a/rgi_`*§Ma[py£w|fh`6ijhkymxfhpurwkur z
d
wmkyr z w£¸ps¹mx]_a z fq`&a[rw|fhpur¼·©r_pumxfl~a&mo]knmmo]_aoa&fhw
k z at>ar z ar~a6pur´mx]_a z fq`&a[rw|fhpur¼kuw4¡ajhj²±Àº6Eôr´tMkyxmxfl~i_jlkyW¥_mo]_a6`/knvfh`6i_` pu£Emx]_a*µNkuxflkyrM~a[w4fhw°py£ps z a[
ε−d/4N−1/2
ksw
ε → 0 º&\]fhw¡puij z w|iuuaWwmmx]Mknmkuwmo]_a z fh`}a[rwxfqpsr¼fhr~oa[ksw|aWw¥Vpsr_a/w|]pui_j z fhr~xaWkuwxakujhwxp*mx]_argi_`*§Ma[py£EÂpurImxa6Ïkuxjhp*fqmxa[okymxfhpurwfhr:pu z amop&ks~]_fhaµua¹spIp z xaWw|ij¿mwº
 akyjlw|p*mxaWwmoa z ¡]knm]kut_t>arwfq£!psr_a z pga[wr_pym4~purwxf z amx]_a¹jhpv~kyjhfhª[knmofqpsr£¸i_rM~Àmxfhpur:kyr z Nps¾mo]_a~psrsmoxpsj
µnkuxflky§_jhauº\]_a4oa[wxi_jqmowEkyoa4wx]_pn¡r*fhr\ky§_jhab¥s¡]_fh~]&oa£¸a[owmop¹mx]_a°w|fh`&t_jqaWwm¾~[kuwxapy£>mx]_a©pur_a z fh`&arwxfhpurkuj
©`&aofh~[kyrt_ivm4t_oaµgfhpuiwxjq{/fhrImxop z i~a z º
Nmc P̄ 
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  fhow|mpy£Vkyjhj<¥yf¿mfhwE¡puxmx]*mxpt>pufhrImpuivmEmo]knm¾mx]_a4kujqspuof¿mo]_`rgi_`&aofh~[kyjhjq{ z pga[wEr_pum¡psx³fq£Xmx]_ajhpv~kujqfhª[kymxfhpur
flwrpym6mky³sarÆfhrsmopku~[~psi_rIm[º»°rõmo]_a
~purImxkyo{u¥kuw6\ky§jqa
bw|]pn¡4w¥!mx]_a
iwxa¢py£mo]_a¢jhpv~kyjhfhª[knmofqpsr¨¥aµsar
¡fqmx]puivm&kyrg{~purImxopuj¾µNkuxflky§jqaWw¥ufhµuaWwi_rw|moku§_jqa
§_ivm}okymx]_a[6oa[kuwxpurMky§_jha&t_xfl~aWwº¼\]IiMw¥mx]a¢oa[wxi_j¿mwfhr
mky§_jha[w ® ¥__¥g*kyr z b*kujqjhpn¡Ämxp z a z iM~a°mx]kymmo]_a°fhrImxop z i~Àmofqpsr¢pu£Vmx]_a~psrImxopujµnkuxflky§_jha4mopusamx]a¡f¿mo]mx]a
jhpv~kujqfhª[kymxfhpur*mx]_a[r/§_xfhr_Iwmxp`&psxaw|moky§jqa4oa[wxi_jqmow[¥u¡fqmx]ÃIi_fqmxa©woknmofhw|£¬ku~mxpsx{txaW~flw|fhpur}§Mpumx]&£¸pst_ofh~a[wkur z
z ajqmokuwkujhwxp}¡f¿mo]´k}wx`/kyjhjVrgi_`6§>apu£ÂpsrImxa6Ïkyojqp}fqmxaknmofqpsrw« I u¥ ® uss±Àº
¦2amiw©kurkyjh{gªamo]_a&Ï mxfh`&a}kuxflw|fhr_&£¸opu` mx]_a*xir_r_fhr_¢pu£mo]_a*kujqspuof¿mo]_`:º°»°i_°~pu`&t_ivmknmofqpsrw4]kNµsa
§>aa[r
t>ax£¸puo`&a z fqr z psi_§_jhatxaW~flw|fhpurpur:k6Ï¶arImofqi_` E 
1.8
Á  ©ª¡fqmx]
256
´§
pu£4°Æº   fqsi_oa
wx]_pn¡4w©mx]_a&~ps`&t_ivmokymxfhpurkujmxfh`}a&wxtMa[rsm¹£¸ps©mo]_a&t_xfl~fhr_
py£mo]_a&pur_a z fh`}a[rwxfqpsrkyj4`&aofl~kyr¼t_ivmput_mxfhpur
ksw©fhr¼mx]_a&ky§>pnµua*a_ky`&t_jhauº6°wavtMaW~Àmoa z ¥Xmo]_fhw´purImxaÏkyojqp
t_opg~a z ixa*]kuw¹kknmo]_a¹]_fhu]ÆÏ  mxfh`&a
~psw|m[¥v¡]_fl~]a`&t_fhxfl~kujqjh{¢~ps`&a[wpui_mmxp&§MaÃIik z knmxfl~°¡f¿mo]oa[wxt>a[~Àmmop}mx]_argi_`*§Ma[py£Ew|fh`6i_jlknmofqpsrw[º
  fhui_oa
Âkujqjhpn¡4wmop¼~pur~jqi z a/mx]kym6mo]_fhw}`&amo]_p z flw6fhrImxaoa[w|mxfhr_Â£¸ps£¸i_xmx]a z aµsajhput_`&arImw§_ivm}fhw*i_rv·
~pu`&t>amxfqmxfhµua&¡fqmx]õoa[wxtMaW~Àm¹mxpÂpumx]_a[ÂpurImxa¢Ïkuxjhp
`&amx]_p z w[¥!wxi~]õkuw DkyooksÃsiMkyr z ·ô´ku|mofqr_aWkyi ­ I ¯¾kur z
¦2pur_IwmkB>·ôd_~]I¡kyxmxª ­h® N¯Ó¥EfhrÆmxa[x`/wpu£©~ps`}tivmxfhr_´mofq`&asº 4a[µua[|mo]_ajha[wow¥ z f/BXaoarImxjh{£¸opu` mo]_a[wxa¢pumx]_a[
txpv~a z i_oa[w}«¸¡]_fl~] z p
rpym¹t_xpnµgf z a*kur >F%2¡kN{£¸pumx]a/Áoaa[³vw½mo]_a{¼kyoa*~ps`&t_ivmxa z wxfh`}tjq{´kur z
t>pgpuojq{§g{r_fqmxa z fKBXaoarM~a[w±À¥mo]_flw6`&amo]_p z kujqjhpn¡4wmopaJ~fqa[rsmojq{õps§vmokufqrÆmo]_a z ajqmok_ºõ\]_a[xa£¸puoau¥Ekuw}k
£¸i|mo]_axaWw|aWky~] z aµsajhput_`&arImW¥Mpsr_a6~psi_j z mx]_fhr_³:mop
~ps`6§_fhr_amo]_flw°txpv~a z i_oa¡fqmx]wxpu`&a6pumx]_a[©psr_a6fhr
ps z a!mxpku~]_fhaµsa¾§>amxmxaEoa[wxi_jqmow[¥y`/kyfhr_jh{~]_a[kutMa[fhr*mxao`/wpy£VÏ Qmofq`&a4~psw|mow[¥ykuwf¿mE]ksw§Ma[ar&w|i_suaWwmoa z
§g{ 6ºa[ur_fhafhr:t_xfhµnknmoa¹~pu`&`6ir_fh~[knmofqpsrwº
ë¸îé¨ë²Ð
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 <@@  a*sfqµsa6]_a[xa*pur_jh{Âk
wx³uamo~]Âpu£mx]_a}t_opgpy£¥Vw|fhr~a6fqmflw¹Ãsif¿moa}wxfq`&fhjhku©mopmo]_a
t_xpgpu£!py£oput>pswxf¿mofqpsrw I º ® kyr z I º _º
  fhwmW¥wxi_t_t>pswxa
d = 1
ºQ\ky³sa
ψ̂ ∈ L1(R) w|iM~] mx]Mknm}£¸pu/kyrg{ wx`&kujqj ε mo]_ar ψ + εψ̂ ∈ L1 ºZdgamxmxfhr_
Ψ̂(x) =
∫ x
−∞
ψ̂(t) dt
¥_pur_a¹]ksw«¬kswfqrmx]at_xpgpu£!py£oput>pswxf¿mofqpsr I º ® ±
(Jf1 )
′(ψ)(ψ̂) = 2E
∫
R
f2(Xt)
(
ψ̂(β)Θs,t − Ψ̂(β)Υs,t
)(
ψ(β)Θs,t + (H − Ψ)(β)Υs,t
)
dβ.
= −2
∫
R
Ψ̂(β) E
(
f2(Xt)
(
ψ′(β)Θ2s,t + (H − Ψ)(β)Υ2s,t
))
dβ.
D{
w|am|mxfhr_
µ∗2 =
E(f2(Xt) Υ
2
s,t)
E(f2(Xt) Θ2s,t)
kyr z
v(β) = Ψ(β)
¥spsr_a]kuwmop6wxpujhµuamx]_aps z fqrkux{ z fKBXaoarImofhkuj_a[ÃIikymxfhpur
v′′(β)−a2 v(β)+a2H(β) = 0 º\]_fhw¾ufhµuaWw
ψ∗(β) = ∂βv(β) = µ
∗ e−µ
∗|β|/2.
4pn¡¥sf¿m¾flwEfh`&`}a z flknmxa4mxp6wxaamo]knm
ψ∗
sfqµsa[wmo]_a4`&fqrfq`*i_`:¥
w|p}mx]awmknmxa[`&arIm£¸pujhjqpn¡4wfhr z fq`&a[rw|fhpur ® º
Ïpurwxf z ar_pn¡ mx]a&~[kuwxa
d > 1
º   pswxfq`&t_jhfl~fqm{u¥¨jham¹iw¹kuwow|i`}a
k = 1
½©§g{´wx{I`&`&amox{Âkuxsi_`&arImow[¥>mx]_a
uarakyj2~[kuwxa¡fqjhj!§>a6~jqaWkyWº©jhwxp¥Mjqam°iw°w|am
f̃t(y) ≡ f̃(y) = f ◦ Ft(y)
¥
y ∈ Rd+
kyr z
Ft
§Ma[fqr_ z ara z
fqrÆ« ® s±º
  fhwmW¥_¡a~pu`&t_ivmoa°mo]_a z a[xfhµnknmxfhµua¹pu£
Jf ;1d (ψ)
fqrmx]a z fqoa[~mxfhpur
(ψ̂1, 0, . . . , 0)
º¾dgamxmxfhr_
f̃21 (x1) =
∫
Rd−1
dα̃−1E
(
f̃2(x1, X̃
2
t , . . . , X̃
d
t )
d∏
i=2
[
ψi(X̃
i
s − α̃i) +
(H − Ψi)(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
]2)
mx]_a[r
Jf ;1d (ψ) =
∫
R
dα̃1 E
(
f̃21 (X̃
1
t )
[
ψ1(X̃
1
s − α̃1)Θs,t;1 + (H − Ψ1)(X̃1s − α̃1)Υs,t;1
]2)
= J
ef1
1 (ψ1).
4pn¡¥gw|fhr~a©¡akyoa]_aoa4fhrsmoaoa[w|mxa z fqrmx]_a°§Ma[]kNµgfqpsfqrmx]_a z fqoa[~mxfhpur
(ψ̂1, 0, . . . , 0)
¥I¡a°~kyr/a[`&t_jqpn{*mx]a
pur_a z fh`&arwxfqpsrkyjVoa[wxi_jqm[¥_samxmxfhr_&fq`&`&a z flknmoajh{/mx]aw|psjqivmofqpsr¨½
ψ∗1(β) =
µ∗1
2
e−µ
∗
1 |β|, β ∈ R,
é2é ÔM=N<AN
bsb  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¡fqmx]
µ∗1
2 =
E
(
f̃21 (X̃
1
t ) Υ
2
s,t;1
)
E
(
f̃21 (X̃
1
t ) Θ
2
s,t;1
)
=
∫
Rd−1
dα̃−1E
(
f2(Xt) Υ
2
s,t;1
∏d
i=2
[
ψi(X̃
i
s − α̃i) +
(H−Ψi)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
∫
Rd−1
dα̃−1E
(
f2(Xt) Θ2s,t;1
∏d
i=2
[
ψi(X̃ is − α̃i) +
(H−Ψi)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
 a~psrwxf z a[r_pn¡@mo]_a§Ma[]kNµgfqpsfqrmx]a z fqoa[~mxfhpur
(0, ψ̂2, 0, . . . , 0)
º¾dvam|mofqr
f̃22 (x2) =
∫
Rd−1
dα̃−2E
(
f̃2(X̃1t , x2, . . . , X̃
d
t )
[
ψ1(X̃
1
s − α̃1)Θs,t;1 + (H − Ψ1)(X̃1s − α̃1)Υs,t;1
]2
×
×
d∏
i=3
[
ψi(X̃
i
s − α̃i) +
(H − Ψi)(X̃ is − α̃i)
σiis(t− s)X̃ is
∆W is,t
]2)
mo]_ar
Jf ;1d (ψ) =
∫
R
dα̃2 E
(
f̃22 (X̃
2
t )
[
ψ2(X̃
2
s − α̃2) + (H − Ψ2)(X̃2s − α̃2)
∆W 2s,t
σ22s(t− s)X̃2s
]2)
= I
ef2
1 (ψ2),
¡]aoa
I
ef
1 (·)
fhwmo]_apura]Mkyr z jha z fhr¾xpstMpIw|fqmxfhpur I º ® º-D{iwxfqr&wxfh`}fhjlky4kyoui`}a[rImow[¥Ipsr_apu§_mokyfhrw
ψ∗2(β) =
µ∗2
2
e−µ
∗
2 |β|, β ∈ R,
¡fqmx]
µ∗2
2 =
E
(
f̃22 (X̃
2
t )
[
∆W 2s,t
σ22s(t−s) eX2s
]2)
E
(
f̃22 (X̃
2
t )
)
=
∫
Rd−1
dα̃−2E
(
f2(Xt) Γ(X̃
1
s − α̃1)2
[
∆W 2s,t
σ22s(t−s) eX2s
]2 ∏d
i=3
[
ψi(X̃
i
s − α̃i) +
(H−Ψi)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
∫
Rd−1
dα̃−2E
(
f2(Xt)Γ(X̃1s − α̃1)2
∏d
i=3
[
ψi(X̃ is − α̃i) +
(H−Ψi)( eXis−eαi)
σiis(t−s) eXis
∆W is,t
]2)
¡]aoa
Γ(X̃1s − α̃1) ≡ Γψ1(X̃1s − α̃1) = ψ1(X̃1s − α̃1)Θs,t;1 + (H − Ψ1)(X̃1s − α̃1)Υs,t;1
©pn¡¥g£¸pumo]_aoa`/kyfhr_fhr_/~pgpu z fhrknmoa[wpur_a~[kyr:kyt_tjq{w|fh`&fqjlky4kuxsi_`&arImow[ºE\]IiMw¥_§g{w|i_`&`/kyofhªfhr_¥vpsr_a
]Mkuw}mx]Mknm
ψ∗(ξ) =
∏d
j=1 ψ
∗
j (ξj)
¥
ξ = (ξ1, . . . , ξd) ∈ Rd
¥¡f¿mo]
ψ∗j (ξj) =
µ∗j
2 e
−µ∗j |ξj |
¥
ξj ∈ R
kyr z
µ∗j = µ
∗
j [f ]
¥_kyoa¹ufhµua[r
§g{X½
µ∗1
2 =
∫
Rd−1
dβ−1E
(
f2(Xt) Υ
2
s,t;1
∏d
i=2
[
ψ∗i (βi) +
(H−Ψ∗i )(βi)
σiis(t−s) eXis
∆W is,t
]2)
∫
Rd−1
dβ−1E
(
f2(Xt) Θ2s,t;1
∏d
i=2
[
ψ∗i (βi) +
(H−Ψ∗
i
)(βi)
σiis(t−s) eXis
∆W is,t
]2)
kur z £¸pu
j = 2, . . . , d :
µ∗j
2 =
∫
Rd−1
dβ−jE
(
f2(Xt) Γ
∗(β1)
2
[
∆W js,t
σjjs(t−s) eXjs
]2 ∏d
i=2,i6=j
[
ψ∗i (βi) +
(H−Ψ∗i )(βi)
σiis(t−s) eXis
∆W is,t
]2)
∫
Rd−1
dβ−jE
(
f2(Xt)Γ∗(β1)2
∏d
i=2,i6=j
[
ψ∗i (βi) +
(H−Ψ∗
i
)(βi)
σiis(t−s) eXis
∆W is,t
]2)
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Γ∗(β1) ≡ Γψ
∗
1 (β1) = ψ
∗
1(β1)Θs,t;1 + (H − Ψ∗1)(β1)Υs,t;1
º 4pn¡¥fhr¶pu z a/mopÆufhµua´kõ`&puoa
fqrImxa[xaWwmofqroatxaWw|a[rsmknmofqpsr´£¸pu¹mo]_a
µ∗
 w[¥2fqmflwa[ksw|{:mop´w|]_pn¡-mx]kym¢«¬wxaakujhwxp¢mo]_a/t_opgpy£py£¾xpstMpIw|fqmxfhpur
I º s±
∫
R
(
ψ∗i (βi) +
(H − Ψ∗i )(βi)
σiis(t− s)X̃ is
∆W is,t
)2
dβi =
1
4µ∗i
(
µ∗i
2 +
[ ∆W is,t
σiis(t− s)X̃ is
]2)
,
∫
R
Γ∗(β1)
2 dβ1 =
1
4µ∗1
(
µ∗1
2Θ2s,t;1 + Υ
2
s,t;1
)
,
w|p}mx]Mknmmx]a
µ∗
 w]kNµuamop&wxpujhµuamo]_ar_purjqfhr_a[kuw|{vw|mxa`
µ∗1
2 =
E
(
f2(Xt) Υ
2
s,t;1
∏d
i=2
[
µ∗i
2 +
[
∆W is,t
σiis(t−s) eXis
]2])
E
(
f2(Xt) Θ2s,t;1
∏d
i=2
[
µ∗i
2 +
[
∆W is,t
σiis(t−s) eXis
]2])
kur z £¸pu
j = 2, . . . , d :
µ∗j
2 =
E
(
f2(Xt)
(
µ∗1
2Θ2s,t;1 + Υ
2
s,t;1
)[
∆W js,t
σjjs(t−s) eXjs
]2 ∏d
i=2,i6=j
[
µ∗i
2 +
[
∆W is,t
σiis(t−s) eXis
]2])
E
(
f2(Xt)
(
µ∗1
2Θ2s,t;1 + Υ
2
s,t;1
)∏d
i=2,i6=j
[
µ∗i
2 +
[
∆W is,t
σiis(t−s) eXis
]2]) .
  fhrkujqjh{u¥_fqm4flwwmookufqs]smx£¸puo¡ku z mxp/w|a[amx]kym
ψ∗
ks~ÀmxiMkyjhjq{sfqµsa[wmx]a`}fhr_fh`6i_`:º
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